PROPERTIES OF THE CREMONA GROUP ENDOWED WITH
THE EUCLIDEAN TOPOLOGY
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ABSTRACT. Consider a Cremona group endowed with the Euclidean topology
introduced by Blanc and Furter. It makes it a Hausdorff topological group
that is not locally compact nor metrisable. We show that any sequence of
elements of the Cremona group of bounded order that converges to the identity
is constant. We use this result to show that the Cremona groups do not contain
any non-stationary sequence of subgroups converging to the identity. We also
show that, in general, paths in a Cremona group do not lift and do not satisfy
a property similar to the definition of morphisms to a Cremona group.

1. INTRODUCTION

The Cremona group Bir(IP}) denotes the group of birational transformations
of P defined over a field k. If k is a local field, that is, a locally compact topological
field with respect to a non-discrete topology, it can be endowed with the so-called
Euclidean topology (for a precise definition see Section 2), which comes from the
Euclidean topology of the coefficients of birational maps, and which gives Bir(P})
the structure of a Hausdorff topological group which is not locally compact and not
metrisable. Moreover, the restriction of the Euclidean topology to any algebraic
subgroup of Bir(Py) is the usual Euclidean topology on that algebraic group [BF13,
Theorem 3, Lemma 5.15, Lemma 5.16]. While Bir(PZ) is compactly presented in
the Euclidean topology by a quadratic involution of Pi and a compact subset of
Aut(P?) [Z16, Theorem A], the group Bir(P{), n > 3 is not generated by a compact
subset (Lemma 2.6((7))). In fact, Bir(P2) is not even generated by its algebraic
subgroups [BY19, Theorem C]. The Euclidean topology on the Cremona groups is
largely unstudied and results can be found in [BF13, BZ16, UZ21, Z16].

This project is motivated by the question whether Bir(P}) has no small sub-
groups. A topological group G is said to have no small subgroups, if there exists a
neighbourhood of the identity element that contains no non-trivial subgroups of G.
For instance, any complex or real Lie group has no small subgroups, see for instance
[HMO7, Proposition 2.17]. The property of having/not having small subgroups is
related to Hilbert’s 5th problem: any finite dimensional, locally compact, separable
metric, locally connected group without small subgroup is a (complex or real) Lie
group [G52, Theorem 3.1]. It implies that any finite dimensional, locally compact,
separable metric, locally connected groups is a generalised (complex or real) Lie
group [MZ52, p.440]. Both results were generalised to the infinite dimensional case
in [Y53, Theorem 5].
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If Bir(P}) is endowed with the Euclidean topology, it is not metrisable and it
follows from [E70, Theorem 2.1.1] that Bir(P}) is not uniformly free from small
subgroups. However, this does not mean that Bir(IP}) has small subgroups. To find
a small subgroup, a first approach could be to construct a sequence of involutions
in Bir(PP{) converging to id, but this approach is destined to fail:

Theorem 1.1. Let k be a local field of characteristic zero. Let n,D > 2 and
fm € Bir(Py) be a sequence with ord(f,) < D form > 0 converging to id € Bir(P})
in the Fuclidean topology. Then we have f,, =id for m > 0.

This is similar to a property of analytic groups over an ultrametric field k:
If G such a group, then there is an open subgroup U C G that contains no finite
subgroups whose order is prime to char(k) [S65, Chapter IV, Remark after Theorem
5, LG 4.27].

Let (Gy)men be a sequence of subgroups of a topological group G. We say that
it converges to the neutral element id € G if for any open neighbourhood U of
id there exists mg € N such that G,, C U for all m > mg. If GG is a topological
group containing a sequence of subgroups (G,,)men that converges to id and such
that G, # {id} for each m > 1, then G has small subgroups. Note however that
Bir(Py) is not first-countable (cf. [BF13, Lemma 5.16 and its proof]) and a group
topological G that is not first-countable might have small subgroups even if there
does not exist any non-trivial sequence of subgroups (G,,)men converging to the
identity.

Using Theorem 1.1, we show the following result.

Theorem 1.2. Letk =R ork = C. Let (Gp)men be a sequence of subgroups of
Bir(Py) that converges to the identity id € Bir(Py). Then we have G, = {id} for
m > 0.

Theorem 1.2 fails over the p-adic numbers, see Remark 4.7.
The following is a corollary of Theorem 1.1. See Definition 2.1 for the definition
of a morphism from a variety to Bir(IP").

Corollary 1.3. Let k be a local field of characteristic zero. Let n,D > 2 and
p: AL — Bir(PY) a morphism from the variety AL to Bir(PR) with p(0) = id.
Suppose that there is a sequence (ty)m C A}( converging to 0 in the Euclidean
topology with t,, # 0 for all m and such that ord(p(t;,)) < D for m > 0. Then

p(a}) = {id}.
Along the way of proving the main results, we prove in Corollary 4.6 that every
compact subgroup of Bir(IP}) carries a compatible Lie group structure.

An open problem is to describe the fundamental group of the topological group
Bir(Py). Let us recall the definition the Euclidean topology on Bir(P{). For any
d > 1, let Bir(P})<q C Bir(P}) be the subset of elements of degree < d. The
Euclidean topology on Bir(P}) is defined as the inductive topology of the sets
Bir(Py)<q, d > 1, each endowed with the Euclidean topology, which is defined as

follows: consider the vector space (k[xo, . .., %,]q)" ! of n+1-tuples of homogeneous
polynomials of degree d in n+ 1 variables. A tuple (fo,..., f,) induces the rational
map PP -->Py, [zo : - xp]r->[fo(zo,.- - 2n) + --- ¢ fu(zo,...,2,)]. Consider

the subset Hy(k) C P(k[zo,...,xs]q) of elements that induce a birational map of
Pj. There is a natural surjective map mg: Hq(k) — Bir(P})<4. The Euclidean
topology on Bir(IP})<g4 is defined to be the quotient topology with respect to m4.
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If Q is a compact set, then the image of a continuous map p: Q— Bir(Py) is
contained in some Bir(P})<q, see Proposition 2.6. An intuitive way to find the
fundamental group of Bir(Pg) is to lift a loop p to a loop in Hgy(k). We show that
this fails in general.

Proposition 1.4. Let k = R or k = C. For any n > 2, there exists a map
p: [—1,1]— Bir(P}) that is continuous in the Euclidean topologies such that for ar-
bitrarily smalle > 0 and any d > 1, there is no continuous map pe: (—¢, €) — Hy(k)
such that pl(—c.cy = T4 0 pe.

The key ingredient of the construction of the example is the existence of space
filling curves of PSU(n + 1). Similar examples can be constructed over non-
Archimedean fields, see Remark 5.4.

The Euclidean topology is a refinement of the so-called Zariski topology. The
Zariski topology can be defined via the concept of morphisms from algebraic va-
rieties to the Cremona group, see Section 2. We show that Euclidean-continuous
maps [0, 1] — Bir(P}) do not satisfy in general a condition similar to the definition
of morphisms of algebraic varieties to Bir(Py):

Proposition 1.5. Let k = R or k = C. For every n > 2 there exists a map
p: [0,1] — Bir(P}) that is continuous in the Euclidean topologies such that there
is no open non-empty subset U C [0,1] x PP such that U—1[0,1] x P%, (¢,p) —
(t, p(t)(p)) is a well defined map.

Acknowledgements: The authors thank Jérémy Blanc and Christian Urech for
fruitful discussions early on in the project, Jorg Winkelmann for helpful discussion
about the proof of Proposition 3.8, the referee for suggesting an approach over the
p-adic numbers and Philipp Habegger for his helpful remarks on non-Archimedean
fields.

2. TOPOLOGIES ON THE CREMONA GROUPS

Let k be any field. The Zariski topology is defined over any field and the Eu-
clidean topology over any local field.

2.A. The Zariski topology. The notion of morphism from an algebraic variety
A to Bir(X) was introduced by M. Demazure in [D70].

Definition 2.1. Let X be an irreducible algebraic variety and A an algebraic
variety. Consider a birational map of the form AxX --» Ax X, (a,z) --+ (a, fo(z)),
that induces an isomorphism U — V' on open dense subsets U,V C A x X whose
projection onto A is surjective. The map A(k) 3 a — f, represents a map from
A(k) to Bir(X), and will be called a morphism from A to Bir(X). It is denoted by
A—> Bir(X).

Even if Bir(X) is not representable by an algebraic variety or an ind-algebraic
variety if X is rational [BF13], we can define a topology on the group Bir(X)
compatible with morphisms. This topology is called Zariski topology by J.-P. Serre
in [S10]:

Definition 2.2. Let X be an irreducible algebraic variety. A subset F' C Bir(X)
is defined to be closed in the Zariski topology if for any algebraic variety A and any
morphism A— Bir(X) the preimage of F in A is closed.
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In this definition one can of course replace “any algebraic variety A” with “any
irreducible algebraic variety A”.

Definition 2.3. [BF13, Definition 2.3] Let d, n be positive integers.

(1) We define Wy(k) to be the projective space parametrising equivalence classes

of non-zero (n+1)-uples (hg, . . ., hy) of homogeneous polynomials h; € k[xg, ..., z,]
of degree d, where (ho,...,h,) is equivalent to (Ahg, ..., Ah,) for any A € k*. The
equivalence class of (hq, ..., hy) will be denoted by [ho : -« - : hy).

(2) We define Hg(k) € Wy(k) to be the set of elements h = [hg : --- : hy] €

Wy (k) such that the rational map 1y, : P --» P} given by

[o:- i xp] =2 [ho(zo, -y @n) -+t hp(xoy ..oy 2]

is birational. We denote by 74 the map Hy(k) — Bir(P}) which sends h onto ¢y,
(3) We denote by W, the underlying projective space over k whose set of rational
points is Wy(k) and by Hy the subset whose set of rational points is Hy(k).

Proposition 2.4. Let d,n be positive integers and k any field.

(1) The set Hy is locally closed in the projective space Wy and thus inherits the
structure of an algebraic variety;

(2) The map wq corresponds to a morphism Hy— Bir(Py) and its image is the
set Bir(P})<q of all birational maps of degree < d.

(3) If k C L is a field extension, there are canonical inclusions ©: Hy(k) —
Hy(L) and v Bir(PR)<a — Bir(P})<q and associated maps (mq)x : Ha(k) — Bir(P})<q
and (ﬂ'd)LZ Hd(L)—> Bir(]P’%)Sd. Then

LO (Wd)k = (Wd)L ol and (Wd)lzl(A) = (’Nd)zl(A) n Hd(k)
for any set A C Bir(Pg).

Proof. The first two claims follows from [BF13, Lemma 2.4]. The first of the second
claim is straight forward to check. For the last claim, it suffices to remark the
following. If h: [zg : -+ : xp] = [ho(zo, ..., &n) : -+ 2 hy(xo, ..., 2,)] is contained
in Bir(P})<g, then its pre-image (m4);" (k) in Hy(L) is the set of elements [H f; :
-2 Hf,] € Hy(L) such that H € L{xzo, ..., z,] is homogeneous of degree d—deg(h).
The set (mq)y " (h) in Hy(k) is the set of elements [H fo : -+ : Hf,] € Hq(k) where
H € K[xo, ..., 2,] is homogeneous of degree d — deg(h). O

2.B. The Euclidean topology. Let k be a local field, that is, a locally compact
topological field with respect to a non-discrete topology. Any local field of charac-
teristic zero is isomorphic to R, C or a finite extension of the p-adic number Q,.
Any local field of positive characteristic p > 0 is isomorphic to the field Fq((¢)) of
Laurent series with ¢ = p”, n > 1. The Euclidean topology of Bir(P}) was first
described in [BF13, Section 5]. It is a refinement of the Zariski topology on Bir(P}}).

Definition 2.5. The Euclidean topology on Bir(Py) is defined as follows. For
each d > 1, we endow Wy (k) with the classical Euclidean topology, and Hy(k) C
W;(k) with the induced Euclidean topology. We define the Euclidean topology on
Bir(Py) <4 to be the quotient topology given by the map mq: Hy(k) — Bir(P})<q,
where Hy(k) is endowed with the Euclidean topology as just described before. The
Euclidean topology on Bir(P}) is defined to be the inductive limit topology induced
by the inclusions Bir(Py)<q — Bir(PR)<a+1-
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We will show in Proposition 5.3 that a condition as in Definition 2.1 of morphisms
into Cremona groups does not hold in general for continuous maps.
The Euclidean topology on Bir(P}) has the following properties.

Proposition 2.6. Let d > 1 and k a local field. We endow W4(k) and Hg(k) with
the Euclidean topology and Bir(P})<q4 with the quotient topology. Then:

(1) mq: Hq(k) — Bir(Py) is proper and closed.

(2) Bir(P)<a s locally compact and Hausdorff.

(3) Bir(Py)<a = Bir(Py)<at1 is a closed embedding.

(4) Any compact subset of Bir(P}) is contained in some Bir(PY)<q. In particu-
lar, any convergent sequence has bounded degree.

(5) Bir(P}) is a Hausdorff topological group.

(6) For n > 2, Bir(P}) is not locally compact, not metrisable and not first-
countable.

(7) For any n > 3, the group Bir(P}y) endowed with the Euclidean topology is
not generated by a compact set.

Proof. These are [BF13, Lemmas 5.4, 5.6, 5.8, 5.10, 5.12, 5.13, 5.14, 5.15, 5.16,
5.17] in the case of algebraically closed fields of characteristic zero and they can be
repeated almost word by word over non-closed fields. (I

If k C L is a field extension, then the Zariski topology on Bir(P}) is finer than
the subset topology induced by Bir(P%}) [BZ16, Lemma 2.7].

Lemma 2.7. Let k C L be local fields. Then the Euclidean topology on Bir(Py)
is finer than the subset topology on Bir(P}) induced by the Euclidean topology on
Bir(P7}).

In particular, if a sequence (fm)m in Bir(Py}) converges to f € Bir(Py) with
respect to the Euclidean topology then it converges to f with respect to the Euclidean
topology on Bir(P}).

Proof. If Ac Bir(Py) is closed in the subset topology induced by the Euclidean
topology on Bir(P}), then there exists a closed subset €' in Bir(P}) such that
A = CNBir(Py). For any d > 1, the set Ay = AN Bir(P})<q is closed in Bir(Py)
and Cy = C' NBir(P} )<, is closed in Bir(P})<,4 and we have Ay = Cy N Bir(P}) <.
Proposition 2.4 implies that

(ma) ' (Aa) = (ma) ' (Ca N Bir(PY) <q) = (m4) " (Ca) N Ha(k).

The set (14); *(Cy) is closed in H4(L) and hence the intersection (74) ;' (Caq)NHqy(k)
is closed in Hy(k). Therefore, by Proposition 2.6(1) the set Aq is closed in Bir(P})<q4
with respect to the Euclidean topology on Bir(P})<q. This holds for all d > 1, so
A is closed in the Euclidean topology on Bir(P}). a

3. SEQUENCES OF ELEMENTS OF BOUNDED ORDER

Let k be a local field. Throughout this chapter, the spaces k™, Py, Wy(k), Hy(k)
and Bir(PP}) are endowed with the Euclidean topology. We denote by ||-|| the norm
on k™.



6 HANNAH BERGNER AND SUSANNA ZIMMERMANN

3.A. Locally uniform convergence.

Remark 3.1. Let (fp,)m C Bir(Py) be a sequence of elements converging to g €
Bir(Py). Since Bir(P}) is a Hausdorff topological group by Proposition 2.6(5), it
follows that for each i > 1, the sequence of compositions (f% ),, converges to g‘.

We recall the definition of uniform convergence and locally uniform convergence.

Definition 3.2. Let U be a topological space and (V,dy) a metric space. We say
that a sequence of maps f,,: U—V converges uniformly to f: U — V if for any
e > 0 there exists N € N such that dv (f.(p), f(p)) < & for any p € U.

We say that f,, converges locally uniformly if for any point p € U there is an
open neighbourhood B(p) of p such that the sequence of maps f,|p(,) converges
uniformly on B(p).

Let (fm)m € Bir(Py) be a sequence of birational transformations and suppose
that we find an Euclidean open set Q C P} (k) such that each f,, is regular on Q. We
can shrink ) to an open subset of k™ and consider the regular map f,|q: Q@ — Pg,
whose image lies in P (k).

Let (fm)m C Bir(Py) be a sequence of birational transformations and  C Py (k).
We say that f,, converges (locally) uniformly on  to f € Bir(Py) if

(1) fmla is regular for all m € N,

(2) fla is regular

(3) fmla converges (locally) uniformly on to f|q.

Note however that there exist sequences (fp)m C Bir(Py) that do not converge,
but such that there is a non-empty open subset Q C P (k) and f € Bir(P}) such
each fi,|q is regular and f,,|q converges locally uniformly to f|g. This is illustrated
by the following example:

Example 3.3. Consider the sequence
1
(C"%C”, (Xl,X27...,Xn)F—>(X1+ﬁX£n,X2,...,Xn)

of automorphisms of C™. On every bounded subset {2 C C" this sequence converges
uniformly towards the identity map.

However, the induced sequence (fp,)m C Bir(Pg¢), which is given by

1

fn([zo iyt w0t - i ay)) = [ 2ty + Em&” R At
does not converge with respect to the Euclidean topology on Bir(Pg) since its degree
is not bounded (cf. Propostion 2.6(4)).

This example can be generalised to any local field k by taking the coefficient of
X3 to be any sequence (@, )men in k converging quickly enough to zero.

Moreover, it might happen that a sequence f,, € Bir(P{}) converges to an auto-
morphism f € Aut(Py) and each f,, is regular on some open subset @ C P (k),
but the sequence of maps f,|o : Q@ — Pi(k) does not converge pointwise on all of
Q to f|o as can be seen by the following example:

Example 3.4. Let f,, € Bir(P2) be defined by

1
fm([xo s 21 2 x2]) = [:17(2) D xoxy + Ez% : ToTa).
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This sequence converges to f = id € Bir(P%) and each f,, is regular on Q = P2\ {[0 :
1:0]}. However, we have f,([0:1:ag]) =[0:1:0] for each az # 0 and thus
fm([0:1: ag]) does not converge to [0:1: az] = f([0:1: ag]).

Again, we can generalise this example for dimension n > 3 and over other local
fields by taking the coefficient of x5 to be any sequence (a,)men in k converging
to zero.

Nevertheless, the next proposition shows that any convergent sequence of bi-
rational transformations of P™ converges locally uniformly on some open subset

of P™.

Proposition 3.5. Let k be a local field. Let (fum)men C Bir(Py) be a sequence
converging to an element f € Bir(Py). Then, after passing to a subsequence, there
is a non-empty open subset @ C P(k) such that

(1) flo:Q—=PE and fmla : Q — PR are regular for m > 0, and

(2) the sequence fm|a : @ — PR(k) converges to f|qo with respect to the compact-
open topology on the space of continuous maps Q — Pi(k), or equivalently fm|o
converges locally uniformly to fla (with respect to any metric on P (k) inducing
the Euclidean topology).

Before proving Proposition 3.5, let us first consider the following example which
illustrates that it is not generally possible to find a Zariski open subset 2 C P (k)
satisfying the requirements of Proposition 3.5.

Example 3.6. Let f,, € Bir(P%) be defined by
1
fm([xo s w1 2 2]) = [22 : 2oy + Em% D Xoxa]

as in Example 3.4. Moreover, let ¢,,, € Bir(PZ) be a sequence of automorphisms
defined by

o([xo : 21 @ @2]) = [m0 — %J;l X ),

and consider the sequence of compositions f,, o ¢,,. This sequence f,, o ¢,, also
converges to id € Bir(PZ) since the individual sequences are both converging to id.
Each f,, contracts the line {[z¢ : z1 : 23] | 2o = 0} to the point [0: 1: 0] and ¢, is
mapping the line {[z¢ : 21 : 22] | zo+ Lx1 = 0} onto the line {[zq : 21 : 2] |zg = 0}.
Hence, the composition f,, o ¢, contracts the line {[zg : 21 : 2] |20 + %wl =0}
to the point [0 : 1 : 0]. Since the lines {[zo : @1 : @2] |z + Loy = 0} are all
distinct for different m € N and local uniform convergence implies in particular
pointwise convergence, there does not exist a Zariski open subset 2 C IE”(QC such that
the restriction (fy, o ¢m)|a converges locally uniformly (or even only pointwise) to
id|q.

Again, we can generalise this example over other local fields by taking the co-
efficient of x2 to be any sequence (a,,)men in k converging to zero. The example
extends in an obvious way for n > 3.

Proof of Proposition 3.5. First, we argue that it is enough to consider the case
where f = id. If f # id, consider the sequence f! = f,,f~' which converges
to f/ = ff~' =id. If Q is now a subset of P (k) satisfying (1) and (2) for f/,,
then Q' = f~1(Q N Def(f~1)) gives the desired subset for the sequence f,,, where
Def(f~!) denotes the largest subset of P{ (k) on which f~! is regular. Thus, let us

assume f = id in the following.
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By Proposition 2.6(4) there is a positive integer d such that f,, € Bir(P})<q for
all m > 0. Consider now the map mq : Hy(k) — Bir(P})<q from §2.A. Since the
map 74 : Hq(k) = Bir(Py)<q is surjective and proper by Proposition 2.6(1), there
is a sequence (pm)m C Hy(k) such that mg4(pym) = fin and which converges to an
element p € Hy(k) with 74(p) = id after possibly passing to a subsequence.

We have Hy(k) C Wy(k), where Wy(k) (again cf. Definition 2.3), where Wy(k)
can be identified with the projectivisation P(V"*(k)) = P(Vy(k) x ... x Va(k))
and Vg = klzg,...,2,]q denotes the space of homogeneous polynomials of degree
d.

Each p,, is naturally an element of Wy(k) and we may find representatives
Foo = (Fnos - Fn) € Va(k) x... xVy(k), each F,, ; a homogeneous polynomial

of degree d, such that we have [Fy, 0 :...: Fin] = pm in Wy(k) and thus [F, o :
: Foon) = fm as elements of Bir(P™). Furthermore, we can choose the F), in
such a way that e.g. the sum of the squares of all coefficients of F3,, j for j =0,...,n

is equal to 1. Then, after possibly again passing to a subsequence, the sequence F,
converges to an element G = (Gy,...,G,) € Vg(k) x ... x Vg(k) (with respect to
the Euclidean topology on the finite-dimensional vector space Vy(k) x ... x Vy(k)).

The sum of the squares of all coefficients of G; for j = 0,...,n is also equal
to 1, hence the limit G cannot be 0 and G = (Go,...,G,) necessarily satisfies
[Go :...:Gy] =id in Bir(P}).

After possibly again passing to a subsequence, the sequence of maps
Fo K" k" n = (20, ..., 2) = Fo(z) = (Emo(z), ..., Fopn(z))
converges locally uniformly to the map
G k" 5 k" r = (20,...,20) = G(z) = (Go(),...,Gp(z)).

Moreover, the equality [Go : ... : G] = id in Bir(P}) implies that there is some
homogeneous polynomial H of degree d — 1 by [BF13, Lemma 2.13] with G =
(Go,...,Gyn) = (Hxg,...,Hz,) and thus G(z) = H(x)x.

Consider now the open subset U = k"™ \ {z|H(z) = 0} C k™" \ {0}. We
have H(G(z)) = H(H(z)x) = H(x)* 'H(x) = H(x)? since H is homogeneous of
degree d — 1. This implies that H(G(z)) = 0 holds if and only if H(xz) = 0 holds
and hence we have G(U) = U. Since F, converges locally uniformly to G, there
is a non-empty open subset U’ C U such that F,,,(U") C U for all m > 0 and in
particular F,(x) # 0 for every z € U’.

Next, define  C PP (k) to be the image of U’ C k™*1\ {0} under the canonical
projection. The subset € is open and non-empty, and by construction the birational
transformations f,, : PR -->PL, [zo,...,Zn]-->[Fmo: ... : Fmn] are regular when
restricted to Q since F,,(z) # 0 for z € U’. Moreover, as F,,, and hence Fy,|y
converge locally uniformly to G = (Go,...,G,) = (Hzg,...,Hz,), the sequence
fmla : Q@ = PE(k) converges locally uniformly to f|q =id|q : @ — PR (k). O

Remark 3.7. We extract the following from the proof of Proposition 3.5 and
use it in the case where k is non-Archimedean. There exists d > 1, a sequence
(Fi)m in (Vg(k))" ™ and G € Vy(k)"*! such that (f,)m and f are respectively
the rational maps on P} induced by F;, and G, and such that F},, converges to G
in the Euclidean vector space Vy(k)"™!. There are moreover open sets U’ C U of
k™! such that P(U') = Q, F(U') U, GU) =U and F(z) #0 for all z € U".
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3.B. Sequences of bounded order over C.

Proposition 3.8. Let Q C C™ be an open connected subset and f,, : Q& — C"
a sequence of holomorphic maps locally uniformly converging to id|q : @ — C™.
Assume moreover that the sequence of holomorphic maps f,, is of order D > 0 in
the sense that there is an open non-empty relatively compact subset ' C € such that
(fm) () C Q for all i-th iteraties of fm, i =1,...,D, and such that (f,,)P = id
on Q' for all m.

Then fn, =id|q for m > 0.

The proof of this proposition will follow from the next two technical lemmas, the
first of which makes use of Cartan’s uniqueness theorem for holomorphic functions
and the second of which uses Brouwer’s fixed point theorem. The latter fails over
p-adic numbers (for instance the map f(x) = x + 1 sends the compact closed unit
ball Z,, to itself but does not have fixed points on it).

Lemma 3.9. Let Q and Q' be open subsets of C" and f,, : & — C" a sequence
of holomorphic maps, all satisfying the same assumptions as in Proposition 3.8.
Then for each m > 0 there is a non-empty compact convex subset B,, C Q' with

Proof. Without loss of generality we may assume that Q' is an open ball around
0 € C™ of radius 7. Since f,,|q converges locally uniformly to id|n and all the
iterates fi are defined on ', fi | converges locally uniformly to id|q: for each
i=1,...,D—1.

Let Ayt @ = R, hyi(2) = || f1.(2)]|?, where || - || denotes the Euclidean norm
on  C C™. Now fix some r > 0 with r < v’ and set

B, =

s

hoi(10,7%]) = {z € V|| f, ()] <7 fori=1,... D},

i=1

First note that B, is contained in Q' since f£ =id and r < r’. We have 0 €
and for each i the sequence f? (0) converges to id(0) = 0 and thus B,, is non-
empty for m > 0. The compactness of B, follows from the fact that it is a
closed subset of the closed ball of radius r around 0 € C". Furthermore, we have
hm,i(fm(2)) = hm,it1(2) for all z € By, by construction, which implies

B, 2 fm(Bm) ) f»,%z(B'rn) 2...2 f'an)(Bm) = B,

and hence f,,(Bm) = Bp,. It remains to show that B, is convex for m > 0.

Since f¢, converges locally uniformly to id on ' for each i, all its partial derivates
also converge locally uniformly to the partial derivatives of fi and hence the se-
quences (Ay, ;)m converge locally uniformly to the function h: Q' — R, h(z) = ||2||?,
and the partial derivatives of h,, ; converge to the corresponding partial derivatives
of h for each ¢ = 1,...,D — 1. In particular, the Hessian of h,, ; converges locally
uniformly to the Hessian of id. As the latter is positive definite on €, it follows that
the Hessian of h,,; is positive definite for m > 0. Consequently, h,,; is a convex
function for m > 0. In particular, h;:i([o, 72]) is convex for m > 0 and thus each

hoi([0,7°]) = {z € [ [| [ (2)]| < 7}
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is convex. Therefore, also the intersection

B = (Y hnlo(0.7%)

is convex for m > 0. O

Lemma 3.10. Let Q and Q' be open subsets in C", and f, : @ — C" a sequence
of holomorphic fuctions, all satisfying the same assumptions as in Proposition 3.8.
Let By, C Q) be a compact convex subset of Q' with fm(Bm) = Bm for m > 0,
which exists by Lemma 3.9.

Then for any m > 0, there is a fixed point Py, = [ (Py) € By of fm, and we
have D fp(Py,) = id for m > 0.

Proof. The map fp,|B,, : Bm — B, is a continuous self-map of the compact convex
set B,, and thus has a fixed point P,, € B,, by Brouwer’s fixed point theorem.

Suppose that there are arbitrarily large m such that D f,,,(P,,) # id, then after
passing to a subsequence we may assume that D f,,(P,,) # id for all m. Hence it
is enough to prove the statement for a subsequence of f,,.

Since B,, C ' and €' is compact, the sequence P,, converges (after passing to a
subsequence) to a point P € Q. Consider now the sequence D f,,(P,,) of differen-
tials which can be canonically identified with a sequence of n x n-matrices because
Q) C C". The identity f£ = id on € implies (Df,(Pn))P = (DfE)(P,,) = id.
Consequently, all eigenvalues of D f,,(P,) have to be D-th roots of unity and
D f(Py,) is diagonisable. Since f,,|qs converges locally uniformly to id, also the
differential D f,, converges locally uniformly to id and hence the sequence of ma-
trices D fp,(Pp,) converges to id. Therefore, all eigenvalues of D f,,,(P;,) are equal
to 1 for m > 0 and hence D f,,(P,,) = id for m > 0. O

Using these two lemmas, we can now prove Proposition 3.8.

Proof of Proposition 3.8. By Lemma 3.9 there are compact convex subsets B, C Q/
with f,(By,) for m > 0 and fixed points P, € B,, of f,, with Df,,(Py) = id
for m > 0. Now Cartan’s uniqueness theorem (see e.g. [N71, p. 66]) implies that
fm = id on the interior of B,, and hence f,, = id on all of Q by the identity
principle. ([

3.C. Sequences of bounded order over non-Archimedean fields of charac-
teristic zero. Let k be a non-Archimedean local field. Let us denote, only in this
subsection, by | - | the absolute value on k. We denote by R the closed unit ball in
k, and recall that R is compact and also open and that it is the ring of integers of
k.

The algebra Rz, ..., z,] carries the norm || 3" arz!|| = sup; |az|. Its elements
map R"™ onto R because R is a ring.

The Tate algebra R(z1,...,xy) is the completion of R[z1, ..., z,] with respect to
this norm. It is the set of all power-series over R converging absolutely on R™ and

it is equal to the set of all elements Y arz! € R[[z1,...,z,]] such that |a;|—> 0 if
I—> oco. In particular, the elements of R{x1,...,z,) map R™ onto R.

The space k¥ carries the norm ||(vy, . .., vy)|| = max; [v;|. Let Vy(k) C Rlz1, ..., 2]
be the vector space of homogeneous polynomials of degree d in z1,...,z,. If

Vi(k) ~ k¥ is the isomorphism given by a basis of monomials, then the norm on
Va(k) induced by this isomorphism is equal to the norm induced by Rlzq, ..., z,].
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Lemma 3.11. Let k be a non-Archimedean local field and let f,, € Bir(P}) be
a sequence converging to g € Bir(PR). Then there exists o € Aut(Py) such that
floi=aofnoa tand g :=aogoal are regular on an open subset of the chart
xo # 0. We write them as maps fr, = (fy, 15+ fonn) and g" = (g1, .., 9,) given
by quotients fr’n’i and g of polynomials in x1,...,x,. Then we can moreover choose
a such that f}, ;,g; € R{x1,...,2,) and f;, . converges to g; in R(x1,...,xn) for
1=1,...,n.

Proof. By Proposition 3.5 and Remark 3.7, there exists d > 1 and a sequence F),
in Vy(k)"™! and G € Vy(k)"*! such that their induced maps on P are f,, and f,
respectively, and such that F;,, converges to G in the Euclidean topology. Moreover,
there exist Euclidean open subsets U’ C U C k! such that F(U’') c U, G(U) =U
and F(z) # 0 for all © € U’ and such that f,, and f are regular on Q = P(U’) for
m > 0.

After shrinking U and U’, we can assume that U is an open ball, so there is an
affine transformation a of V(k)"*! such that o(U) = R*™! and (1,...,1) € o(U").
Then F), := a o F,, oa™! converges to G’ :== aoGoa~tin Vy(k)"". Let f/,
be the rational map of P" induced by F/ and ¢’ the one induced by G’. We have
F].(z) # 0 for any « € «(U’) and hence f, is birational. It is moreover regular on
P(a(U")) = a(Q) € P\ {zo = 0}.

Let us show that for this choice of o, the maps f,, ¢’ are contained in R{(xz1, ..., 2,)
for m > 0. Since G'(R"*!) C R""!| the map G’ is contained in R[zo, ..., x,]" " .
Since F! converges to G’ and R C k is open, the maps F/ are contained in
Rlzo, ..., 2,)" ! for m > 0. It follows that the fim.i»g; are quotients of polynomi-
als in R[zq,...,2,] for m > 0. In particular, they are power-series contained in
Rl[z1,...,@,]]. We write f}, ; = > ;ar; o' and g := >, by #'. By hypothesis
on «, the maps f] and ¢’ are well defined at the point (1,...,1) € a(U’). Since

il 1) = > ar; and gi(1,...,1) = > ; by, it follows that |as ;[ and |by ;|
both converge to zero when [ —> oo. This means that f;, ; and g; are contained in
the Tate algebra R{z1,...,z,) for m > 0.

It remains to show that f], ; converges to g; in R(z1,...,2z,) fori =1,...,n.
The sequence F,,; converges to G; in Vy(k) and hence in Rlzg,...,z,]. Hence
the sequence Fy, .(1,21,...,2,) converges to Gi(1,21,...,2,) in Rlzy,...,2,] C

. F! .(1,z1,..,z . . .
R(z1,...,2,). The quotient f, ,(z1,...,2,) = M is contained in
’ m,0\ Ly n

Gm(1,x1,...,Tn)

R{z1,...,z,) and therefore converges to Gy = gi(x1, ..y Tp)- O

3.D. Proof of Theorem 1.1. Any local field of characteristic zero is either iso-
morphic to R, to C or to a finite extension of the p-adic numbers Q,,, see for instance
[M20, Remark 7.49, p.127]. The proof of Theorem 1.1 for finite extensions of Q,
is based on a corollary of the Bell-Poonen theorem [P14] that is proven in [CX18],
and which holds over characteristic zero.

Proof of Theorem 1.1. Let k be a local field of characteristic zero. Since ord(f,,) <
D for all m, we have (f,,) = id for all m and N = D!. By Proposition 3.5(1)&(2)
and after possibly passing to a subsequence, there is an open subset Qo C P (k)
such that f,,|q, is regular for all m > 0 and fy,|q, : @ — P (k) converges locally
uniformly to id|q,.
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Suppose that k = R or k = C. By Lemma 2.7 it suffices to prove the claim
for k = C. After shrinking we may assume that g is biholomorphic to an open
ball around 0 in C™ with radius r¢g > 0 and we fix such an identification Q¢ C C".

For any r > 0 with r < 7, let 2, C Qg be the open ball around 0 with radius

r. Let r; >0, j=1,..., N, be positive numbers with ro > 7y > ... > rn. These
give rise to a strictly increasing sequence of open sets ,, C Q,, , C... CQ,, C
Q, = Qo, and the closure (., is contained in €2, _, for each j = 1,..., N. Since the

sequence of maps fi,|q, : Qo — P™ converges locally uniformly to id|q, : Qo — P,
we have fm(QTj) C Q,,_, for each j = 1,...,N and m > 0. This implies in
particular that ffn\gw is a regular map Q,, — g C C" for m > 0 and each
i=1,...,N. And by assumption we also have fﬁmw = id|q, . An application
of Proposition 3.8 now yields f,,|q, = id for m > 0 and hence f,,, = id on P™ by
the identity principle.

Suppose that k is a finite extension of Q,. Lemma 3.11 applied to our
sequence f, and ¢ = id implies that we can choose o € Aut(P}) such that f], :=

ao foa~! is regular on an open subset of the chart x¢ # 0 for m > 0. We write f/,
as map f,, = (fy,15- -5 finn) given by quotients f;, . of polynomials in z1,..., .
Lemma 3.11 states moreover that we can choose a such that f;, ; € R(z1,...,2,)
for m > 0 and such that f;, ; converges to z; fori =1,...,n.

In particular, the sequence ||f/, ; — z;|| is a Cauchy sequence in R(z1,...,2n)
fori=1,...,n. If weset e ==X forc< p—ip then then there exists mo € N such
that ||f},; — zi|| < 1/p® for m > mg. The norm on R(x1,...,2,)" is given by

[|(h1,...,hy)|| = max; ||h;]|. Tt follows that
Ifr —id]] < 1/p°

for any ¢ < 1/(p — 1) and m > 0. This condition is also referred to as referred to
as fm = id (mod p°©) [CX18, Corollary 2.5] (here we are using char(k) = 0) implies
that f/ =id for m > 0. It follows that f,, = id for m > 0. O

Proof of Corollary 1.5. A morphism p: Aj — Bir(P") is continuous in the Eu-
clidean topology [BZ16, Lemma 2.11]. Hence the sequence p(t,,) converges to id
in the Euclidean topology and by Theorem 1.1 we have p(t,,) = id for m > 0.
The morphism p is also continuous in the Zariski topology (by its definition), so
p~1(id) C Al is a Zariski closed subset containing infinitely many points. If follows
that p~1(id) = AL. O

4. SEQUENCES OF CONVERGING SUBGROUPS

Let k be local field. In this paragraph, we study properties of sequences of
subgroups in Bir(IP}) which converge to the identity id in the following sense:

Definition 4.1. Let (G,,)men be a sequence of subgroups of a topological group G.
We say that (G,,)men converges to the neutral element id € G if for any open
neighbourhood U of id there exists my € N such that G,, C U for all m > my.

If G is a topological group containing a sequence (G,,)men of subgroups that
converges to id € G and such that G, # {id} for each m > 1 | then G has small
subgroups.
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Remark 4.2. If (G, )men is a sequence of groups converging to the neutral element
id and (g, )men is a sequence of elements with g,,, € G,,, then the sequence (g, )men
converges to the element id in the usual sense.

First, we show that a converging sequence of subgroups of Bir(P}) has to be
bounded eventually.

Lemma 4.3. Consider a sequence of subgroups (Gpm)m C Bir(PR) converging to
id € Bir(Py). Then for m > 0 the groups G, have simultaneously bounded degree
in the sense that there is mo > 0 and d > 0 such that Gy, C Bir(P})<q for all
m > mg.

Proof. Assume the statement of the lemma was wrong. Then there is a sequence
of elements (gm)men With ¢, € G, for all m such that the sequence of de-
grees deg(g,,) is unbounded. By Proposition 2.6(4) this implies that the sequence
(gm)men does not converge in Bir(IP}), whereas by Remark 4.2 (g, )men converges
to g € Bir(Py), yielding a contradiction. |

If G C Bir(IP}) is a subgroup which is closed with respect to the Zarisiki topology
and of bounded degree, i.e. G C Bir(P})<q for some d, then G carries the structure
of an algebraic group compatible with the structure of Bir(P}) as proven in [BF13,
Corollary 2.18]. Analogously, we prove that subgroups of Bir(Pg) which are closed
with respect to the Euclidean topology of Bir(IP¢) and of bounded degree carry the
structure of real Lie group.

Proposition 4.4. Let G C Bir(Pg) be a subgroup which is closed with respect to
the Euclidean topology of Bir(Pg) and of bounded degree in the sense that there is
d > 0 such that G C Bir(Pg)<q. Then G carries a unique structure of a Lie group
over k which is compatible, i.e. whose induced topology on G coincides with the
restriction of the Euclidean topology of Bir(Pg) to G.

Proof. If a Lie group structure on G exists, then it is unique since topological groups
admit at most one Lie group structure compatible with its topology.

Let H denote the closure of G in Bir(P¢) with respect to the Zariski topology.
The subset H is a closed subgroup of Bir(Pg), which follows from the fact that
the map Bir(P2) x Bir(P2) — Bir(PR), (¢, ¢) — 1¢~1) is continuous with respect
to the Zariski topology (cf. remark after [BF13, Definition 2.2]). Since we have
G C Bir(Pg)<q for some d and since Bir(Pg)<q is closed with respect to the Zariski
topology by [BF13, Corollary 2.8], we also have H C Bir(Pg)<q. Therefore, H
carries the structure of an algebraic group by [BF13, Corollary 2.18] and moreover
the restriction of the Euclidean topology of Bir(Pg) to the subgroup H coincides
with the Euclidean topology of this algebraic group structure on H by [BF13,
Proposition 5.11]. The associated structure of a complex Lie group on H hence
induces the structure of a real Lie group on its closed subgroup G and this is
compatible with the restricted Euclidean topology of Bir(Pg) to G. O

Remark 4.5. If G C Bir(Pg) is a bounded, but not necessarily closed subgroup
in the sense of the above proposition, we can take the topological closure G of
G with respect to the Euclidean topology. The closure G is again a subgroup
and satisfies the assumptions of the proposition. Therefore, the closure G of any
subgroup G C Bir(Pg) of bounded degree carries a unique compatible structure of

a real Lie group.
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An easy consequence of the preceding proposition is the following statement,
compare with [BF13, Proposition 5.11]. It is an analogue to the fact that every
closed subgroup of a Lie group is a Lie group itself.

Corollary 4.6. Let G C Bir(P¢) be a compact subgroup (with respect to the Eu-
clidean topology). Then G carries a compatible real Lie group structure.

Proof. This statement directly follows from the fact that compact subsets of Bir(IPg)
are bounded (cf. Proposition 2.6(4)) and the preceding Proposition 4.4. O

It is worth noting that if k is a perfect field, then a compact subgroup of Bir(P})
that carries a structure of algebraic subgroup of Bir(P}) is finite. Indeed, alge-
braic subgroups of Bir(P}) are affine; this is shown in [BF13, Remark 2.21] using
Chevalley’s structure theorem for algebraic groups, which holds over perfect fields.
Hence algebraic subgroups of Bir(IP}) are non-compact in their natural Euclidean
topology unless they are finite.

We can now use these results to prove Theorem 1.2.

Proof of Theorem 1.2. Let k = R or k = C. Let (G,,)men be a sequence of sub-
groups of Bir(Py) that converges to id € Bir(P}). If there is a subsequence with
all Gy, finite, we apply Theorem 1.1. So, let us assume that the G,, are non-finite
for m > 0. For each m let H,, = G,, denote the topological closure of G,, in
Bir(P}). By Lemma 4.3 there is mg > 0 and d > 0 such that G,, C Bir(P")<q
for all m > myg. Since Bir(P})<q4 is closed in Bir(Py) (cf. Proposition 2.6(3)), this
implies that H,, = G,,, C Bir(Py)<q for m > mg. Without loss of generality we can
thus assume that Gy, Hy, C Bir(Py)<q for all m € N. The local compactness of
Bir(P?) <4 (cf. Proposition 2.6(2)) yields that we may assume that each H,, = G,
is compact since G,, converges to id € Bir(P})<4 C Bir(P}). Since Bir(Py)<q is
locally compact, it follows that (H,,)men converges to id in Bir(P})<4. By the
construction of the topology, the sequence (H,)men converges to id in Bir(Py) if
and only if (Hp,)men converges to id in Bir(P})<q, and hence (H,,) converges to id
in Bir(Py). Consequently, it is enough to prove the statement of the theorem in the
case where each subgroup G, is compact, which we will assume in the following.
By the preceding Corollary 4.6, each compact G, thus carries the structure of
a Lie group. Every compact real or complex Lie group G # {id} contains non-
trivial elements of order 2 (in a compact subtorus of G). Theorem 1.1 implies now
that G,, = {id} for m > 0 because otherwise we could construct a sequence of
elements g,, € Bir(P}) of order 2 and converging to id, but without g,, = id for all
sufficiently large m. ]

Remark 4.7. The completion C, of the algebraic closure of the p-adic numbers
is isomorphic to C as a field, but not as local fields, because C, is not locally
compact. The isomorphism induces an isomorphism of groups Bir(IP’gp) ~ Bir(Pg)
that is not a homeomorphism in the Euclidean topology: for instance Bir(]P’Zép)
contains PSL,1(Z,), which contains arbitrary small subgroups. An example is
the sequence of groups

1 q 0

oo
G, = . ) iq:Zaipi, a; €{0,...,p—1}, k>m
: i=k
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which converges to id. In particular, Bir(Pg ) contains small subgroups and The-
orem 1.2 fails over the p-adic numbers.

5. OBSTRUCTIONS TO LIFTING CONTINUOUS MAPS

Proposition 3.5 raises the question, whether we can prove a similar result for
continuous maps [0, 1] — Bir(IP}), that is, for continuous families of birational
maps. The following example shows that it is not possible in general. They are
given for n = 2 but can be adapted easily for any n > 3.

Example 5.1. Let f; € Bir(P%), t € [0, 1], be the birational tranformation given
by

fer[wo 1 : @) F->[xd : woxy : wowa + (1 — 1)),
We have fy = f1 = id and for ¢ # 0,1 the transformations f; are not defined at
p=10:0:1] and are regular everywhere else.

Let o : [-1,1] — PSU(3) be a continuous surjective map. Such a space filling
curve exists by the HAHN-MAZURKIEWICZ theorem (see for instance [S94, Theorem
6.8]), because PSU(3) is compact, connected, locally connected and second count-
able. Using the inclusions PSU(3) C PGL(3) = Aut(P3) C Bir(P%), we can view
each o(t) as an element of Bir(PZ). Consider now the map & : (0,1] — PSU(3),
6(t) = o(sin(1))~*-o(sin(4)). By construction 6|(.c) : (0,e) — PSU(3) is surjective
for any € > 0.

Consider now the continuous map p : (0,1] — Bir(P3),

p(t) = 5(t)ofio(6(t)) ™" = o(sin(1) oo (sin (1) Jofio(o(sin (1) ))

Lemma 5.2. The map p from Example 5.1 extends to a continuous map p: [0,1] — Bir(Pg)
with p(0) = id. Moreover, the map

“oo(sin(1)).

pt), t>s

H:[0,1] x [0,1]— Bir(Pg), H(s,t) = {6(5) o fo6(s)t, t<s

is continuous. In particular, the map p is homotopic to the map t — f;.

Proof. The action ¢ : PSU(3) x Bir(P3) — Bir(P2), ¢(g,f) = go fog™!, on
Bir(P%) is continuous and fp = id is a fixed point of this action. Let Q C Bir(P3)
be any open neighbourhood of fy = id in Bir(PZ). Then for any g € PSU(3)
there exists an open neighbourhood U, C PSU(3) of ¢ € PSU(3) and an open
neighbourhood V,; C Bir(P%) of fy such that p(U, x V) C Q. Since PSU(3) is
compact, there are finitely many g, say g¢1,...,¢gr, such that Uj:1 Uy, = PSU(3).
Define now V = ﬂ;:1 Vy,; and note that V. C V,, for all j =1,...,7. Now we have
by construction

o(PSU(3) x V) = U o(Uy, x V) C

©(Ug; x Vg,) S
7 =1

J
Since [0,1] — Bir(P3), f > fi, is continuous, there is § > 0 such that f, € V for
all t € [0,0), thus also p(0) = id € p(PSU(3) x V) C Q and

p(t) =6(t)o fro(6(t)™" =w(6(t), fr) € p(PSUB) x V) € Q, € (0,9),

which shows that p~1(Q) is a neighbourhood of ¢ = 0. This proves the first claim.
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Let us show that H it is continuous. Since p is continuous, it follows that H
is continuous on {(s,t) € [0,1] x [0,1] | t # 0,t > s}. Composition and inversion
in Bir(PZ) are continuous in the Euclidean topology (see Proposition 2.6(5)) and
[0,1] = Bir(P2), f — f; is continuous, and therefore H(s,t) = 6(s) o f; 0 &(s)™?
is continuous on {(s,t) € [0,1] x [0,1] | s # 0,t < s}. Moreover, for any ¢t # 0 we
have limg_,; H(s,t) = H(t,t). It remains to check that H is continuous in (0, 0).
We have

H(s,t) = p(t) = p(a(t), fi), t>s, te|0,9)
VT ()0 froa(s) = @((s), fi). < s, te[0.6)

and hence H(s,t) € p(PSU(3) x V) C Q for all [0,1] x [0,d). In particular, H is
continuous in (s,t) = (0,0).

Finally, to conclude that p is homotopic to ¢t — f;, it suffices to see that H(0,t) =
p(t) and H(1,t) =6(1)o fro6(1)~t = f; for any t > 0. O

The second item of the following statement is Proposition 1.5.

Proposition 5.3. Let k =R ork = C. Let p: [0,1]— Bir(P}) be defined as in
Lemma 5.2. Then the following hold.

(1) For any q € P and any € > 0 there exists a point ty € (0,¢) such that the
transformation p(ty) is not regular at q.

(2) For any n > 2 there does not exist an open non-empty subset U C [0,1] x P}
such that U—[0,1] x P, (t,p) = (¢, p(t)(p)) is a well defined map.

Proof. (1) Since PSU(3) acts transitively on Py and &|¢ . is surjective for any
g > 0, there is some o € (0,¢) such that ¢ = 6(tg)(p) for p = [0: 0: 1]. Because f;,
is not regular at p, it now follows that p(tg) = 6(to) o fi, o (6(to)) ™! is not regular
at ¢ = 6(to)(p)-

(2) If n > 3, we simply extend Example 5.1 and Lemma 5.2 to P} by using
PSU(n). Then the claim follows directly from (1). O

Remark 5.4. A similar example can be constructed for non-Archimedean local
fields, whose valuation ring O is a Cantor set. In that case, PGL3(Q) is a compact
Lie group that is a Cantor set. Let C' be the Cantor set in [0, 1] and let

C" = {c e (0,1] | sin (1) e CU-C} C(0,1].
In Example 5.1 we replace p by the map p: C'— PGL3(0),
p(c) = o(sin(1)) "' o o(sin (i) ) o feo (o(sin (i) ))71 o o(sin(1)).
where 0: CU—-C— C —> PGL;3(0) is the compositin of a continuous surjective

map and a homeomorphism.

Proposition 5.3 says that in general, continuous maps from compact sets to
Bir(Py) do not satisfy a condition similar to the definition of morphisms into
Bir(Py). However, since map p from Lemma 5.3 is homotopic to the map t — f;
and all f; are regular on P% \ {[0 : 0 : 1]}, we naturally arrive at the following
questions.
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Question 5.5. Let p: [0, 1] — Bir(P}) be a continuous map. Can we find a contin-
uous map p’: [0, 1] — Bir(IP}) that is homotopic to p and non-empty open subsets
U,V C [0,1] x P{ such that U —V, (¢,p) — (t, p'(t)(p)) is a homeomorphism?
Question 5.6. Let p: [0, 1] — Bir(P}) be a continuous map. Can we find a con-
tinuous map p’: [0, 1] — Bir(P}) that is homotopic to p, and a point p € P} such
that p/(¢) is regular at p for any ¢ € [0, 1]?

It is unclear whether all continuous maps [0, 1] — Bir(P}) are homotopic to an
analytic path.

A much used property of any morphism p from a variety A to Bir(P}) is that
there is an open affine cover A = UA; and morphisms p;: A;— Hy, such that
pla, = ma, o p;. This fails in general for continuous maps, as the next example
shows.

Example 5.7. Let Y = [~1,1] and consider the map p:Y = [-1,1] — Bir(P3),

[xo - Pt(wg,x1) : @1 - P, 21) : 22 - P(x0, 21) + twoz1], t#0
[iﬂo:ﬂfllxg], t=20

p(t): [xo: @1 : x2]F-> {

2
where P'(zg,21) = cos (%)zo + 1.

Remark that locally, in the chart o = 1, the map p(t) is given by
txl
y T2) = T+ | .
(@1, 22) (xl 2 COS(QZT)—Fxl)
The inverse of p(t) is given by
p() 7 [xo 2y 2 o] F-> [wg - PY(zg,21) : 1 - P (20, 1) @ 22 - Pt(x0,21) — twox]
ie. pt)~t = p(—t).

We have p(t) — id if t — 0, t # 0. Indeed, p(t) is of degree 2 for any ¢ # 0,
and we consider the set A := w5 ' (p([~1,1]\ {0})) C Hz(R). Since the (Euclidean)
closure of the graph I' := {(t,cos(%%)) | t # 0} is equal to I'U {0} x [—1,1], the
(Euclidean) closure of A in Hz(R) is

A =AU {[zo(szo+21) s 21(570 + 71) : T2(520 + 21)] € Ha(R) | 5 € [~1,1]}.
We have mo(A \ A) = {id}, so it follows that p(t) — id for ¢ — 0. Therefore, the
map p : [—1,1] — Bir(P%) is continuous.

The maps p(t), t # 0, are regular everywhere except at [0 : 0 : 1] and they
contract the line {Pt(wo,xl) = cos (%’T)xo + 1 = 0} to the point [0 : 0 : 1].
Moreover, each p(t) fixes p =[1:0:0], i.e. p(t)(p) = p.

The following statement implies Proposition 1.4.

Proposition 5.8. Let k =R ork = C. Let p: [—1,1]—> Bir(P) be as in Evam-
ple 5.7. For arbitrarily smalle > 0 and any d > 1, there does not exist a continuous
map pe: (—€,€)—> Hq(k) such that p|(_¢ e = T4 0 pe.

Proof. Assume that there exists d > 1 and € > 0 and a lift p : (—e¢,¢) — Hy(k). Re-
member that Hy(k) C Wy(k) where Wy (k) denotes the projective space parametris-
ing equivalence classes of non-zero 3-tuples (hg, h1, ha) of homogeneous polynomi-
als h; € k[zg, z1, 23] of degree d, where (hg, h1, ha) is equivalent to (Ahg, Ahy, Ahg)
for any A € k*, i.e. Wy = P(k[zg, 21, 22]qa X K[z, 1, 22]a X K[z0, 21, 22]4) Where
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k[xg, 21, x2]4 is the space of homogeneous polynomials of degree d. The quotient
map mw, : (k[zo, x1,x2]q X k[zo, 1, 2]a X K[T0, 21, 2]a) \ {0} — Wy is a surjective
submersion and thus locally there exist smooth sections of myy,. Therefore, (after
possibly further shrinking Q = (—¢,¢)) the map p can also be lifted to a continuous
map p: Q = k[xg, z1, 22]q X K[xo, 21, 22]q X K[20, 21, 2] With p = g0 7w, 0p. In
other words, there are homogeneous polynomials k), h} and h% of degree d whose
coefficients depend continuously on ¢ and which satisfy p(t) = ma((hf : bl : hb)) for
allt € Q = (—¢,¢).

In particular, for any g # 0, 22 and any t € (—¢,¢) \ {0} with 2X ¢ Z, i.e.
cos (27“) # 0, we have

o(8) ([0 : — cos (2:) 20t as]) = [0:0: —tcos (T) 22 =[0:0:1]

and consequently,

2 2
hé(a?o, — COS <t7r) 33071’2) = hﬁ(mo, — COSs (:) 1‘0,1'2) =0
for all those t, zg and xo. For any s € [—1, 1] there is a sequence t,, € (—¢,¢) \ {0}

tm
of the homogeneous polynomials hf continuously depend on t we get

with 2% ¢ 7 for all m and t,, — 0 such that cos (2—”) — 5. Since the coefficients

2
hY(xg, —sz0,22) = lim hi™(zq, — cos (tﬂ) Zo,T2) =0
m—r o0 m

for i = 0,1 and any s € [—1,1], 29 # 0 and z2. Since the h} are all homogeneous
polynomials, this implies A = h9 = 0 and hence h§ has to be non-trivial and there
exists a ¢ € C* with [g] # [0 : 0 : 1] in P4 and h3(q) # 0. Consequently, we
get p(0)([q]) = (hY : A9 : h9)[g] = [0 : 0 : 1], which is contradicting the original
definition of p(0) = id. O
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