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Introduction

The Cremona group is the group of algebraic symmetries of the affine n-dimensional
space. More mathematically, the Cremona group is the group of birational transforma-
tions of the n-dimensional affine space A" which are defined over some field k, i.e. "maps"
of the form

fi AT -y An’ (iUl,...,l'n) N (fl(l'l,...,xn) ‘ fn(xl,...,xn)>

gi(x1, .. xn) T gy, 1)

for some polynomials f1,..., fn,91,...,9n € k[z1,..., 2], 91,...,9n # 0, such that there
exists a "map" g of the same form and f o g = g o f = Idgn». These "maps" are not maps
at all, since they are not defined at the points where all g; vanish. However, they are well
defined outside the common zero set of the g; and there exist Zariski-open dense sets
U,V C A" such that f|: U --» V is an isomorphism. These sets are in fact the open sets
where the determinant of the differential of f (resp. g) does not vanish.

By homogenising, we obtain birational transformations of the n-dimensional projec-
tive space P". Depending on the situation when studying such a birational transforma-
tion, it is useful to work with affine or projective coordiantes. We denote the Cremona
group by

Cremona group = Biry (P"),

although Cr,, (k), Cri(n), Bir(P}) or Birk(A") are common notations as well.

Being the symmetry group of the simplest type of variety, the Cremona group is quite
large and its group theoretic properties are closely related to the geometric properties of
its elements. To work out properties of transformations, one has to study the geometric
behaviour of the transformation on P". The study of the Cremona group thus combines
group theory and algebraic geometry. One big aim of algebraic geometry is to classify all
algebraic varieties. Two varieties whose groups of birational self-maps are not isomorphic
are not birational. Exploring the groups of birational transformations is therefore one way
to check that two varieties are not in the same birational class. Studying large groups of
birational self-maps is challenging, and the Cremona group is the most accessible large
group of birational self-maps because one can use projective coordiantes. It is thus not
surprising that it has been studied almost continuously for over hundred years; the Cre-
mona group has become an object of its own interest and many questions are still open.
For instance, no non-trivial generating set is known for n > 3. The Cremona groups can
be endowed with the Zariski-topology, which allows to define morphisms from varieties
to the Cremona group [Dem1970, Ser2008]. This opens the path to study the Cremona
group in a topological setting. If the field is a local field (e.g. R, C), the Zariski topology
can be refined to the Euclidean topology, which makes the Cremona group a Hausdorff
topological group, and which restricted to any linear algebraic subgroup is the Euclidean
topology [BlaFur2013]. This opens the path to study the Cremona group from the point
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of view of geometric group theory.

This thesis explores the plane Cremona group from the view point of generating sets
and relations. Writing the Cremona group as quotient of a free group may make way to
find quotients of the Cremona group itself or to study it from a geometric group theoret-
ical aspect. Many generating sets and generating relations have been presented, the most
fundamental one being the Noether-Castelnuovo theorem that first yielded a generat-
ing set of the plane Cremona group [Cas1901]: If k is algebraically closed, then Bir(P?)
is generated by Auty (P?) and the standard Cremona involution. Presentations can for in-
stance be found in [Giz1983, Isk1985, Isk1991, Wri1992, Bla2012], which may even come in
the form of a structure theorem involving amalgamated products of two or three groups
(see overview in Chapter II).

In this thesis, presentations of two plane Cremona groups are given; one for the field
of complex numbers and one for the field of real numbers. The first is a presentations
at the end of a long list of presentations and solely serves the purpose to show that
Birc(P?) is compactly presented when endowed with the Euclidean topology, which is
a property of Lie groups (see Chapter III, corresponding to [Zim2016]). It shows that, al-
though Birc(P?) is not finite dimensional in any sense (see Example 1.0.4), it is not far
from being a Lie group. The second presentation is rather technical and is cooked up
to find quotients of Birg (IP?); it allows in fact to find the abelianisation homomorphism
Birg(P?) — g Z/2Z, from which one deduces that Birg(P?) cannot be generated by
Autg(P?) and countably many transformations, and obtains an infinite number of non-
trivial proper normal subgroups for free (see Chapter IV, corresponding to [Zim?2015]).
That any plane Cremona group contains non-trivial proper normal subgroups had been
a long open question and was recently proven in [CanlL.am?2013, ShB2013, Lon2015], for
respectively algebraically closed, finite and any fields, the last reference also giving ex-
plicit examples. The questions is still open for higher dimensions.

For n > 3, no non-trivial generating set of Bir,(P") is known, although it is known
that it cannot be generated by Auty(P") and a countable number of elements, or any
subset of bounded degree [Pan1999]. Currently, the only option to perhaps obtain in-
formation about the whole group is to study large families of transformations, specific
subgroups or transformations whose properties stand out among the general throng of
blurriness.

In this spirit, the last chapter leaves the plane and studies the family of punctual in
Birg(P"), n > 2, which are geometrically similar to plane Cremona transformations and
for which there exist easy formulae for the degree and multiplicities of compositions, just
like for n = 2. Any plane Cremona transformation is punctual, and for n > 3, the family
of punctual transformation is a very small subset of Biry(P"). Their similarity to plane
transformations makes it seems plausible that for n > 3, any punctual transformation is
the composition of linear maps and the standard Cremona involution, as is the case for
n = 2, and as was claimed in [Kan1897], although with an incomplete proof. The collec-
tion of properties listed in the last chapter might be a step towards proving or disproving
the conjecture, and a tentative step towards understanding the geometry of birational
maps of P", n > 3.

The thesis is organised as follows: In Chapter I, a we remind of a few basic techniques
to study birational transformations are recalled. Chapter II then reviews what is known

2
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about generating sets and relations of Cremona groups. The third chapter consists of
the article [Zim2016] describing that the plane Cremona group over the field of complex
numbers is compactly presented when endowed with the Euclidean topology. The fourth
chapter consists of the article [Zim?2015] that presents the abelianisation of the plane Cre-
mona group over the field of real numbers. Chapter V then studies the set of punctual
transformations and lists a few of their properties.



I Preliminaries

Throughout this chapter, k is any field, and any variety and rational map will be defined
over k unless stated otherwise. By k we denote the algebraic closure of k.

Most definitions and lemmata in this chapter are classical and can be found in almost
any introduction to algebraic geometry or surfaces.

Definition 1.0.1. The group Biri(P") is the group of birational transformations of the
n-dimensional projective space P".

An element of f € Birk(P") is by definition given by

filzmo: - rmp] == [folzo,...yxn) -t fulzo, ..., 2n)]

for some homogeneous polynomials fy,..., f, € k[zo,...,z,] of equal degree with no
common factors, such that there exists a transformation

g:lxo:- i xn)r-2 [go(zoy .y xn) e gn(To, -, )]

where g¢1,...,9n € ko, ..., x,] are homogenous of equal degree without common fac-
tors,and fog = go f = Idpn is the identity map. We write g = f~! and define the degree
of f to be
deg(f) :=deg(f;), i=0,...,n.

The subvariety of P" given by fy = --- = f,, = 0is called the indeterminacy-locus of f.Itis
invariant by Gal(k/k) and of codimension > 2 [Sha1998, Vol. 1, Chapter I, §3.1, Theorem
3]. (The reference proves this for the algebraic closure k of k. However, codimension does
not change when descending to k.) Composition of transformations makes Birk(P?) a

group.
To obtain properties of the group and its elements, we study the associated linear
system of an element f (see definition in Chapter 1.2).

Example 1.0.2. Any linear element of Biry(P") is given by an element of PGL,,;1 (k) and,
vice versa, any element of PGL,,1 yields a linear transformation of P":

n n
[1‘0 el xn] — [Z ag;Tj -t Zanj:rj} N d (aij)zjzo S PGLn_H.
j=0 j=0

They are defined everywhere on P" and are thus contained in the automorphism group
Auty (P") := {f € Birk(P") | £, ! are defined everywhere}
of P". On the other hand, any element of Auty(P") has empty base-locus, which means

4



CHAPTER I. PRELIMINARIES I.1. BLOWING UP AND INTERSECTING

that it is given by linear polynomials. In other words,

Auty(P") ~ PGLy41 (k).
If n = 1, Birk(P!) = Auty (P!) = PGL2(k) because the base-locus of a birational transfor-
mation of P! is of codimension> 2 and thus empty.

Example 1.0.3. The most simple non-linear transformation is the standard Cremona invo-
lution

1 1 N
[xg: - xy] F-» [x—o:--~:$—}:[xlmg...xn:-~-::ro...xi...xn:---:acg...xn_l]
n

It is of degree n and its base-locus is the union of the zero sets x; = x; = 0, 7 # j. Further,
it contracts the hyperplane given by z; = 0 onto the i-th coordinate point [0 : ---: 0: 1:
0 :---: 0] which has zero everywhere except at the i-th coordinate.

Example 1.0.4. For any p € k[zo, ..., z,], the transformation

(X1, ) = (1 +p(z2, ..., Tp), T2, ..., Tp)

is an automorphism of A" and therefore contained in Biry (P"). In particular, if n > 2, we
have an injection k[xa, ..., z,] < Birk(P") and so Birk(PP") is not finite dimensional for
n > 2.

I.1 Blowing up and intersecting

We present some classical definitions and lemmata used throughout the thesis.

Let mx: X — P" and 7y : Y — P" be sequences of blow-ups of points.

Remark I.1.1. There exist sequences of blow-ups of points nx: Z - X andny: Z — Y
such that the following diagram is commutative.

/\
\/

We define an equivalence relation on the set of points of blow-ups of P".

Definition I.1.2 ((Punctual) bubble space). Two triples (p, X, 7x) and (g, Y, 7y ), where

p € X and ¢ € Y, are equivalent if the birational map 7y (7x) "

is an isomorphism in a
neighbourhood of p that sends p onto g.
We call the space of equivalence classes (punctual) bubble space of P™ and denote it by

B(P™).

A point in B(P") is simply a point in a blow-up of points of P". Actually, it would
be more general to define an equivalence relation on the set of points in blow-ups of P"

5



1.1. BLOWING UP AND INTERSECTING CHAPTER 1. PRELIMINARIES

along varieties of codimension> 2, and to define the bubble space of P" to be the set of
these equivalence classes. For n = 2, this is exactly what we just defined, but for n > 3
the more general version is much larger than the punctual bubble space. However, the
punctual bubble space is all we need in this thesis.

We use the following conventions (cf. [AC2002]):

Letm: X 2 X, 1 %...08 Xy=P"bea sequence of blow-ups of points p1,...,p; €
B(P™), where p; € P" and p; € Wi_l(pz‘—ﬂ C X;.
Definition I.1.3.

1. A point in B(PP") is called proper point of X if it is equivalent to a point of X.

2. We say that points in (7, - - - mi1) " (p;) are infinitely near p; or in the (k — i)th neigh-
bourhood of p;.

3. A point in the strict transform of the exceptional divisor of p; is called proximate to
Di-

4. Let myy: W — X be a sequence of blow-ups of points ¢1,...,¢, and D C X an
irreducible hypersurface. We denote by I C {q1, ..., ¢} the set of proper points of
X and
D™ .= (aw)*(D) C W, D™ :=(mw) Y (D\I)CW

the total transform and the strict transform of D. Analogously, we define for D =
> a;D; € Pic(X) the strict and total transform to be

bﬂw = ZaiEﬂ'W7 ﬁﬂw = ZaiEWW.

5. For a curve ¢ C X, we denote by

o= () e\ {aqr, .. ak}) CW
the strict transform of c.

Definition I.1.4. Letn > 2and 0 € § C A" a hypersurface given by the equation g = 0.
We write g = gq + ga—1 + - - - + ge, Where g; € k[z1,...,z,] are homogeneous of degree
deg(g;) =i, e <i < dand g, # 0. We define

e =: multiplicity of S'in 0 =: mq(95).

Suppose that Ty : X := X}, ™ Xy 3B B Xy =P is theblow-up of ¢1,q2, ..., qx €
B(P") and E; C X the total transform of the exceptional divisor of ¢;. The Picard group
of X is the group of divisors on X up to linear equivalence and is isomorphic to

Pic(X)=H “Z® E\Z& --- & EZ,

where H C P" is a hyperplane not passing through any ¢;. Similarly, the group of 1-cycles
on X (formal finite sums of curves up to numberical equivalence) is isomorphic to

N1(X) = ZWXZ@(BlZ@...ekZ,

6



CHAPTER I. PRELIMINARIES I.1. BLOWING UP AND INTERSECTING

where [™ C X is the pre-image of a line | C P" not passing through any of the ¢; and
e; C I is a general line in the strict transform E; of the exceptional divisor of g;.
The projection formula

(mj--m)*(D)-c=D-(m---mj)(c), V D € Pic(P"), V ¢ € N1(X)

states how to intersect divisors and curves on blow-ups [Deb2001, §1.2.1.9].
The following classical statement explains the geometrical relation between the strict
and the total transform of a divisor.

Lemma L.1.5. Let S C P be hypersurface. Then S”~ is linearly equivalent to
N k
S~ S 4N "y, (S)E:.
i=1

Further, for any general line | C P™ and general hyperplane H C P", we have
Emlei = 0, Eiej = 0, Eiei =-1
foralli,j=1,...,nand i # j.

Proof. We look at the first blown-up point in local coordinates: The blow-up n: ¥ — A"
of 0 € A" is given by

N (ury ..o up) = (U1, ugug, ..., Uily).

Let S be given by the equation g = 0, where g € k[z1, ..., z,]. We write g = g4 + ga—1 +
.-+ + ge, where g; € k[z1,...,z,] is homogenous of degree deg(g;) =i withe < i < dand
ge # 0. Then the pull-back n*(S) C Y of S is given by the equation

d—e—1

ug <u01lfegd(1,u2, CeUp) U ga—1(Lug, ... up) + -+ ge(Liug, ..., un)) =0

Therefore, since we defined e = m(.S), we obtain that n*(.5) is linearly equivalent to the
divisor
n*(S) ~ S™ 4+ my(S)E1.

Proceeding like this for all points blown up by 7y, we obtain the claimed equivalence.

The first intersection follows from the projection formula. We prove the other two by
induction. Let H C A" be a hyperplane through 0. With the above, the projection formula
implies

0= ﬁnel = (E{W + E1)61 = fI”el + Fie1 =1+ FEiey.

Let n: Y — Y be the blow-up of ¢;. We obtain that for ¢ < k, the general lines e; C E;
do not intersect Ej, hence Eie; = 0 for i < k. The projection formula implies that for all
i<k i=1,...k

Eiej = (k)" ()« (Ei))ej = (i)« (Ei) - (n2)«(e5),

which implies Fije; = 1fori < kand Ee; = 0fori < k,j =1,...,k, i # j. Suppose
that gy, is a proper point of the exceptional divisor of ¢;_;. Then Ej, and E),_ intersect in

7



1.2. LINEAR SYSTEMS CHAPTER 1. PRELIMINARIES

a hyperplane of Ej, and so every line in E}, intersects Ej,_; in one point, hence

0= Ej_1ex = (Ex_1 + Ep)er, = Ex_1ex + Ege, = 1 + Exey,

I.2 Linear systems
Let X be a smooth projective variety and D a divisor on it. We define
L(D)={D"e€Pic(X)| D'~ D, D'">0}uU{0},

the set of effective divisors linearly equivalent to D, which is a finite dimensional vector
space and isomorphic to {f € K(X) | f =0, or (f) + D > 0} [Mum1976, §6]. If L # 0,
its projectivisation exists and is called the linear system of D and is denoted by |D|. A
complete linear system is the linear system of some divisor D, and a linear system A is a
linear subspace of a complete linear system. We call Ind(A) := Npepsupp(D) C P” the
set of indeterminacy point of the linear system A.

For X = P" and D = H a hyperplane, | H| is the projective variety of all hyperplanes
in P", which is the dual space P" and isomorphic to P", and its set of indeterminacy
points is empty.

Definition I.2.1 (Linear system of a transformation). Let X be a projective variety and
f: X --» P" a rational map. The linear system of f is defined as closure of the set of
pre-images by f of general hyperplanes H C P".

We call Ind(f) := Ind(A¢) C P™ the set of indeterminacy points of f.

It is a linear system but in general not a complete linear system.

Remark I.2.2. Let f € Birk(P") be the transformation given by

folwo: - van] = [fo: -1 fu

for some homogenous fo, ..., f, € k[zo,...,z,] without common factors and of equal
degree.

Denote by H; C P" the hyperplane given by x; = 0. Then f~!(H,) is given by f; = 0.
More generally, the pre-image of the hyperplane Hi,.....,,] given by Y i  a;z; = 0 is the
hypersurface Si,.....q,,] given by > " ; a; fi = 0. In other words, any general element of A
is a hypersurface of degree deg( f) passing through Ind(f).

Definition 1.2.3. We denote by Base(f) C B(P") the set of points in B(P") where all f;
simultanously vanish, which is the set of points where f is not defined, and call it the set
of base-points of f. Further, we define

deg(Ay) := deg(f)-

Definition 1.2.4. Let f € Bir(P") and p € B(P"). Any S € Ay is given by agfo + --- +
anfn = 0 for some [ag : --- : ap] € P™. Then there exists m € N5y and an open dense
subset U C Ay such that any element of U has multiplicity m in p. For p € B(P"), we
define m to be the multiplicity of f in p, and denote it by m,(Ay).

8



CHAPTER I. PRELIMINARIES 1.2. LINEAR SYSTEMS

Let n: X1 — P" be the sequence of blow-ups of p1, ..., p—1,p; and E; the total trans-
form of the exceptional divisor of p;. For a general element S € Ay Lemma I.1.5

l
ST =814+ my,(Af)E;.
=1

Now, let A be any linear system in P” and S € A a general element. Then S” = S+
22:1 m; E; for some myq, ..., m; € N that do not depend on S. We write m,,(A) := m; and
call it the multiplicty of A in p.

Next, we define the image of a variety or a linear system by a birational transforma-
tion.

Definition 1.2.5 (Image by transformation). For a birational transformation f: X --» Y
between smooth projective varieties and Z C X a subvariety, we call

f(Z) = f(Z \Ind(f))
the image of Z by f.

The following well-known theorem presents a base to dealing with plane Cremona
transformations and is the reason why we defined the linear system associated to a bira-
tional transformation in the first place.

Theorem I.2.6 ([Sha1998, Vol. 1, Chapter 1V, §3.4,Theorem 4]). Let f: X --» Y be a bi-
rational map between smooth, projective surfaces defined over some field k. Then there exist two
sequences of blow-ups n: Z — Y and n: Z — X of points defined over k such that the following

diagram is commutative
A
N
!

x---1__ ~Y

Remark 1.2.7. The proof of the theorem is done in two steps:

First, we blow up the base-points of f and show that we arrive at a birational mor-
phism n: Z — Y [Shal998, Vol. 1, Chapter 1V, §3.3, Theorem 3].

Then, one shows that any birational morphism 7: Z — X between smooth projec-
tive surfaces decomposes into a sequence of blow-ups [Shal998, Vol. 1, Chapter 1V, §3.4,
Theorem 5].

Remark 1.2.8. If k is perfect, then for any base-point p € B(P?) of f, also all its Galois-
conjugates are base-points of f. By grouping the blow-ups of the Galois conjugates of p,
we obtain a sequence of blow-ups defined over k.

Remark 1.2.9. In general, the theorem is false in higher dimensions. For a birational trans-
formation f: P" --» P" defined over a field k of char(k) = 0, there still exists a sequence
of blow-ups m: Z — P" of varieties of codimension> 2 such that fon: Z — P" is
a morphism because a resolution of singularities can still be found [Hir1964], but the
birational morphism f o 7 is in general not a sequence of blow-ups of subvarieties of
codimension> 2.



1.2. LINEAR SYSTEMS CHAPTER 1. PRELIMINARIES

Example L.2.10. Lets look at the linear system of the standard Cremona involution of P?,
which is given by
o: [xo:m o) F- [T1x2 o2 TT ]

Its base-points are pg = [1: 0: 0],p; = [0: 1 :0],p2 = [0 : 0 : 1] and it contracts the line /;
given by x; = 0 onto p;. The blow-up of the three points po, p1, p2 is

X = {([xo N /5 wg], [yo T yg]) S Pg X IPQ ‘ ToYo = T1Y1 = l’zyz} ﬁ) IP2.
As for general elements of X, we have
([zo : 1 : @], [yo = y1 ¢ w2]) = ([wo : 21 : @2, [w122 « wowy : wow1])

hence o lifts to the isomorphism &

A~

6: ([zo:m1 22, [yo : y1: y2]) = ([yo : y1 : yal, [xo : 21+ @2])

which exchanges the the exceptional divisor of p; with I;". Take a general line | C P?
(thin, dotted in Figure 1.1). Its strict transforms intersect once each /;, which are the ex-
ceptional divisors of p, p1, p2. Therefore, o71(I) passes through pg, p1, p2. This way, we
see geometrically that A consists of all conics passing through pg, p1, po.

P |

Figure I.1: The resolution of [z : y : 2] +-» [yz : xz : zy].

Definition 1.2.11. Let f € Bir(P?) and p € B(P?) not a base-point of f. Let vy: S — P?
and vo: S’ — P? respectively be the blow-ups of the base-points of f and f~!. Then f lifts
to an isomorphism f:859, making the following diagram commutative.

f

S——=9

-

The point p corresponds via v to a proper or infinitely near point of S. Its image via f is
a point of S’, proper or infinitely near, which corresponds via v to a point fo(p) € B(P").

Lets look at an example to understand f,(p) and f(p):

10
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Example 1.2.12. Consider the standard quadratic involution ¢ € Bir(P?) and ¢ = [0 : 1 :
1]. Let I be the line given by # = 0, which is contracted by ¢ onto the point [1 : 0 : 0], i.e.
o(q) =[1:0:0]. The line h given by y = z passes through gand [1 : 0 : 0], and o(h) = h.
By definition, o (p) is the point in the first neighbourhood of [1 : 0 : 0] corresponding
to the tangent direction h at [1 : 0 : 0]. In conclusion, o(p) is a proper point of P?, whereas
0e(p) is not. Figure 1.2 illustrates the situation; the dotted and undotted lines in X are the
exceptional divisors of the dotted and undotted points respectively (compare Figure I.1).

S 11:0:0=0(0)

[ED2
]P>2

Figure 1.2: The points o(q) and o4 (q).

Remark 1.2.13. Note that f, is a one-to-one correspondence between the sets

B(P?) \ {base-points of f} ELN B(P?) \ {base-points of f~'}.

I.3 Composition of transformations

In this chapter, we recall the classical formulae for degree and multiplicities of composi-
tions of plane Cremona transformations.

Lemma 1.3.1 ([AC2002, Proposition 2.1.12], [Hud1927, §1.1.3]). For any f € Bir (P?), f
and f~! have the same degree.

The proof given in the reference works over any field because the resolution of a
birational map of P? exists for any field (cf. Theorem 1.2.6).

Remark 1.3.2. The above lemma is false in general for birational maps of P*, n > 3: For
any n > 1, the inequalities

"V/deg(f) < deg(f71) < deg(f)"

hold [BCW1982, Theorem 1.5, p. 292]. For any n > 3, any d € N and any Vd< D<dt,
there exist examples of birational maps of degree d with inverse of degree D. Examples
can be found in [Pan2000, Pan2013].

The following classical formulae are called Noether equations or equations of condition
and relate the degree of a transformation to its multiplicities (see for instance [AC2002,
§2] or [Hud1927, §L.6]).

11
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Lemma L.3.3 (Noether equations). Let f € Biry(PP?) of degree deg(f) = d. Then

n

E-1= Y myhp? 3d-1)= Y my(hg)

peB(P?) pEB(P?)

Note that m,(Ay) # 0 if and only if p € Base(f).

Proof. By Theorem 1.2.6 there exist two sequences of blow-ups 7: Z — P2, n: Z — P?
defined over k such that the following diagram commutes

and which blow-up the base-points of f and f~!.
Pick a general line I C P?, i.e. a line that does not contain any base-points of f~1.
Lemma I.1.5 implies that

=11~ dl" = my(Ag)E,p
on Z. The intersection formula in Lemma I.1.5 implies that
1=1*= (in)Q = (dﬁr - Zmp(Af)Ep)z
=d* - Zmp(Af>2
Further, we have Kp2 ~ —3land Kz ~ n*(Kp2) + >, E;. Hence
—3=Kpa -l =n"(Kp2) 1" = (Kz =Y Ep)- 1"
— Ky 1"
= (7" (Kp2) + Z Ep)(drr - Z my(Ag)Ep)
= —3d+ Y my(Ay)

As my(Ay) # 0if and only if p € Base(f), we can safely sum over all points in B(P?). O

To study relations among Cremona transformations by exploring their linear systems,
it is essential to be able to deduce information about the linear system of a composition
of two transformations from the two factors. What follows are the classical formulae for
degree and multiplicity of compositions (see for instance [AC2002, Corollary 4.2.12]).

Lemma L.3.4 (Composition). Let f, g € Biry(IP?). Then

deg(fg) = deg(f)deg(g) — > mp(Ap)my(Ag-1)
peB(P™)

and Base(fg) C Base(g) U (g7 1)+(Base(f) \ Base(g~1)).
If p € Base(fg) N (97 1)e(Base(f) \ Base(g™!)), then mp(Apg) = Mg, (p) (Ag).

Proof. By Theorem 1.2.6 and Remark 1.2.7 we find sequences of blow-ups 71,7, : Z; — P?
and 7}, 11 : Zo — P? such that fr} =, and gm = 7} Again for h := n; ' fgn1: Z1 —+ Zo

12
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we find sequences of blow-ups mo: W — Z; and n2: W — Z3 such that hmy = 72. The
situation is summarised in the following commutative diagram:

w
N
Zi---lt sz
NN
p2_ 9 _ _.pel_ L pe

In fact, mp blows up the base-points of f, viewed on Z;, which are not blown up by 7},

and 72 blows up the base-points of g1, viewed on Z,, which are not blown up by .
Let p € Base(fg). If p is not a base-point of g, then ¢ := g«(p) is not blown up by

and is a base-point of f. Let I C P? be a general line and. Then f1(1) passes through ¢

with multiplicity m,(f). As 1} does not blow up g, the f/\(/) has multiplicity mq(Ay)
in (7, ")e(q). The map 71 does not contract any curve onto the point p (else p would be a

base-point of g), hence 71 sends f~1(l )771 onto a curve passing through p with multiplicity
mp(Ag).

The degree of fg is equal to the degree of a general element S € Ay, which is the
intersection of S with a general line I C P2. Furthermore, S is the the pre-image by fg of
a general line h C P?,ie. S = g '(f~!(h)), and g(I) € A, 1. With Lemma L.1.5 and the
intersection formula in Lemma 1.1.5 we obtain

deg(fg) - deg(S) = S . l — §7T27T1 . Zﬂ'zﬂ'l
= §ﬂ-2ﬂ'1 . 77727&

2771

= (f1(h )) Y10
= ( ) — Zmp AjE ) (deg l7r2771 Zmp )
= deg(f) deg(h Z mp(Af)mp(Ay-1)
where E, C W is the total transform of the exceptional divisor of p. As m,,(Af) # 0if and
only if p is a base-point of f, we can safely sum over all points in B(P?). O

13



II Generating sets and relations

To work with the Cremona groups it is helpful to know a generating set that is easy to
work with. A generating set of the plane Cremona group over an algebraically closed
field has been known for over hundred years, whereas for the Cremona groups of higher
dimensional projective spaces, no non-trivial generating set is known.

In this chapter, we recall some theorems about generating sets of the Cremona groups
of the plane.

Recall that we denote by Auty(P™) C Birg(P") the group of transformations that are
defined at every point of P2. It is the group of linear transformations of P" and is isomor-
phic to PGLj, 41 (k).

The following definition specifies what is meant by the terms generating set, generat-
ing relations and presentation of a group.

Definition I1.0.5. Let G be a group. A presentation (S | R) of G is a triple made up of a set
S, a surjective homomorphism 7: Fg — G of the free group Fs on S onto G and a subset
R of Fg generating ker(m) as a normal subgroup.

The relations of the presentation are the elements of ker(7) and the elements of R are
the relators (or generating relations) of the presentation. The set S is called generating set of
G. We write G ~ (S | R).

II.1 The plane Cremona groups

II.1.1 Algebraically closed fields

Suppose that k is an algebraically closed field. Then we know a superbly nice generating
set of Biry (P?):

Theorem II.1.1 (Noether-Castelnuovo theorem, [Cas1901]). Let k be an algebraically closed
field. Then Biry (P?) is generated by Auty (P?) and the standard Cremona involution.

See [Shal967, §V.5, Theorem 2, p.100] for a proof working over any algebraically
closed field.

The theorem implies that Biry (P?) is generated by the two algebraic groups Auty (P?)
and the group of order 2 generated by the standard Cremona involution. It does not give
any information about the generating relations.

The Noether-Castelnuovo theorem implies that Biry(P?) is generated by the set of
all linear and quadratic transformations and a first presentation was given using this
generating set:

14
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Theorem II.1.2 ([Giz1983, Theorem 10.7, p.267]). Let k be an algebraically closed field and
denote by Q C Biry(IP?) the set of quadratic transformations. Then Biry(P?) ~ (Q | R) and all
relators r € R are of the form

T = 419243-

The standard Cremona involution preserves the pencil of lines through [0 : 0 : 1] and
this leads to the following definition:

Definition IL.1.3 (de Jonquieres transformations). By 7. C Bir,(PP?) we denote the sub-
group of elements preserving the pencil of lines through [1 : 0 : 0]. In other words,

J. = {f € Birg(P?) | 3a € PGLy(k) : mf = am,}
where 7. : P2 --» P!, [z : y : 2] v-» [y : 2], whose fibres are the lines through [1: 0 : 0]. An
element of 7. is called de Jonquieres transformation.

Writing the de Jonquiéres tranformations in local coordinates, we see that 7. is given
by

B ar+b olz)y+ [(x) a b alz) B(x)
J. = {(a:,y) . (c:v—i—d’ 7(:1:)y+5(a:))‘( > € PGLy(k), < ' s ) EPGLg(k[a:])}

~ PGLy(k(z)) x PGLy (k)

and is not an algebraic group as PGL2(k()) is not an algebraic group over k.

As the standard Cremona involution is contained in 7., the Noether-Castelnuovo
theorem implies that for algebraically closed fields, Bir, (P?) is generated by Auty (P?) and
J+«. Of course, this is a much weaker statement than the Noether-Castelnuovo theorem
but allows the following structure theorem:

Theorem I1.1.4 ([Bla2012, Theorem 1]). Let k be an algebraically closed field. Then Biry (P?)
is the amalgamated product of Autk(IPz) and J, along their intersection, divided by one relation,
which is

oT =TO

where 7 € Auty(P?) is given by 7([z : y : 2]) = [y : @ : 2]) and o is the standard Cremona
involution.

The birational transformation

Y: P2 PP [y 2] e ([ 2], [y:2]),  ([uo: ud, [vo 2 v1]) ei»[uovl S ULV T ULV

is blow-up of the two point [1 : 0 : 0] and [0 : 1 : 0] followed by the contraction of
the line given by z = 0. Further, it conjugates . to the subgroup of Biry (P! x P!) that
preserves the projection onto the second factor. The above theorem was preceded by a
similar statement on P! x PL.

Theorem II.1.5 ([Isk1985, Theorem]). Let k be an algebraically closed field. Then the group
Biry (P* x P!) is the amalgamated product of Auty (P! x P') and J. along their intersection,
divided by the relation

(p7)? = oy,

where p: (z,y) +-+ (z,x/y) and 7: (x,y) — (x,y), and o the standard Cremona involution.

15
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Both statements yield an almost amalgamated structure of the plane Cremona group
and it is as close as one can get, as Birk(IP)z) is not isomorphic to a non-trivial amalgam
if k is algebraically closed [Canl.am?2013, Appendix]. However, it is isomorphic to the
generalised amalgamated product of three groups, meaning that it is isomorphic to the
free product of three groups amalamated along all pairwise intersections.

Theorem I1.1.6 ([Wri1992, Theorem 3.13]). Let k be an algebraically closed field. Then Biry (P2)
is isomorphic to the free group of the three groups

Auty (P?), PGLy(k) x PGLy(k), s,

amalgamated along their pairwise intersections in Biry (P?), where the second group is the group
of automorphisms of Biry (P* x P1) respecting the projections onto the two factors and is embedded
into Biry (P?) via the birational map +: P? —-» P! x PL,

All these presentations have in common that they do not use linear algebraic groups
as generating groups. On the other hand, the Noether-Castelnuovo theorem states that
Bir, (P?) can be generated by two linear algebraic groups, although without giving a pre-
sentation. The following theorem combines the idea of Theorem II.1.6 with linear alge-
braic generating groups, having to make a compromise by modding one further relation.

Theorem I1.1.7 ([Zim2016, Theorem B]). Let k be algebraically closed. Then Biry(P?) is iso-
morphic to the free product of the linear algebraic groups

Auti (P?),  Autye(P! x PY),  Auty(Fo)
amalgamated along their pairwise intersections and divided by the relation
T130T130 = 1
where Ti3: [z 1y : 2| — [z :y : x] and o is the standard Cremona involution.

This structure theorem does not stand out among the presentations given in this chap-
ter. However, it allows to approach the plane Cremona group from a topological point of
view. Endowed with the Euclidean topology as defined in [BlaFur2013, Theorem 3, §5]
the Cremona group becomes a Hausdorff topological group and the restriction of the
topology to any linear algebraic subgroup is the Euclidean topology on it. For k = C
and k = R, any linear algebraic group endowed with the Euclidean topology is a Lie
group and as such compactly generated, i.e. it has a compact generating set. The Noether-
Castelnuovo theorem then implies that Birc(PP?) is compactly generated as well. Theo-
rem I1.1.7 enables us to prove that we can even find a presentation Birc(P?) = (S | R)
where S'is compact and R has bounded length with respect to the word length given by
S.

More generally, a Hausdorff topological group G is called compactly presented if there
exists a presentation (S | R) where S C G is compact and R is of bounded word length.
Being compactly presented is a property usually associated to Lie groups with finitely
many connected components (cf. Chapter III, §6). Although the Cremona group is con-
nected [Bla2010], it is not a Lie group, as it is not finite dimensional in any sense (see
Example 1.0.4).
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Theorem I1.1.8 ([Zim2016, Theorem Al]). Endowed with the Euclidean topology, Birc(P?)
is compactly presented by any compact generating set of Autc(P?) and the standard Cremona
involution.

Theorem 11.1.17 implies that Birc(P?) is not so far from being a Lie group, albeit not
being finite dimensional.

Note that Theorem I1.1.2 yields a presentation with all relators of length three but the
generating set is not compact because the set of quadratic transformations is not closed
[BlaCal2016, Theorem 1] and hence not compact.

Presentations do not only exist for Biry(P?) but also for some of its subgroups, as
for instance the classical presentation of Auty(A?) ~ Affyi (A?) % g, ( a2)ne B, where k is
any field and Aff(A?) C Auty(A?) is the subgroup of affine automorphisms and £ C
Auti(A?) is the subgroup of elementary automorphisms (automorphisms of the form
(z,y) — (ax+ P(y), by + c) for some P € k[z], a,b, ¢ € k*) [VAK1053]. Further, non-trivial
generating sets are known for the decomposition groups of plane curves ¢ C P?, that is
Dec(c) = {f € Birk(P?) | f|.: ¢ --» c is birational}; [HedZim2016] shows that, just like
Biry (P?) itself, the decomposition group of a line is generated by its linear subgroup and
one quadratic element, and that it does not have the structure of a non-trivial amalgam.
The decomposition group of curves of genus> 1 have been closely studied in [BPV2009].

II.1.2 Non algebraically-closed fields

For fields that are not algebraically closed the Noether-Castelnuovo theorem never holds.
The standard Cremona involution has three base-points, each defined over k, and con-
tracts three lines, also each defined over k. In fact, the group generated by Auty (P?) and
the standard involution is equal to the subgroup of Biry (P?) consisting of elements that
contract only k-rational curves, which is equal to the subgroup of transformations hav-
ing all base-points defined over k [BlaHed2014, Proposition 7.4]. However, if k is not
algebraically closed, Bir,(PP?) always contains transformations contracting non-rational
curves. For instance, let p € k[X] be irreducible and of degree d > 1. The de Jonquiéres
transformation
T:lx:y:2] - [2%: yzdp(g) : 24
contracts the curve given by 2%p(%) = 0, which is not rational over k. (Over k, it is a union
of lines.)
Even more, the following statement holds:

Lemma I1.1.9. Let k be a field whose algebraic closure k does not have finite degree over k. Then
Biry (P?) is not generated by a set of bounded degree.

Proof. The idea of the proof is the same as in [Can2015, Proposition 3.6] where it is shown
that for any field, Birk(PP?) is not finitely generated.

Let d € N and denote by S C Biry(IP?) the set of transformations of degree < d and by
(S) C Biry(P?) the subgroup generated by S. An element of S is of the form

[x:y:z]F-2 [so(z,y,2) : s1(x,y, 2) @ sa(z,y, 2)]
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for some homogenous s, s1, s2 € k[z,y, 2] of equal degree deg(s) = deg(s;) < d. Let ks
be the smallest field extension of k over which the base-points of s and s~! are defined.
The Galois group Gal(k,/k) permutes the coefficients of the base-points, whose minimal
polynomials have degree at most d. Therefore, [k : k] < |Gal(ke/k)| < d! =: D for all
s € S.Let s,s' € S. By Lemma 1.3.4, the base-points of s's are contained in Base(s) U
((s71)e(Base(s))). As s is defined over k, it follows that every base-point of s's is defined

over k, or ky. Inductively, we obtain that for any s1,...,s, € S, every base-point of the
composition s, - - - 51 is defined over one of the k.
Let p > D be a prime number and ¢(z) € k[xo,...,z,] an irreducible polynomial of

degree p, and consider the de Jonquiéres transformation
x x
T:[x:y:z]r-> [a:q(;)zd cyzt q(;)zdﬂ]

Its base-points are [0 : 1 : 0] and [y : 0 : 1], where the «; are the roots of ¢(z) in the
algebraic closure k of k, and hence have degree p > D. Therefore, the [a; : 1 : 0] are not
defined over k; for any s € S. It follows that T is not contained in (S). O

For certain fields k, non-trivial generating sets of Biry (P") are known. The involution
I, ca - . .2 2
oy z] s [xz i yz o xt + Y7

is not contained in the group generated by Autg(P?) and the standard Cremona invo-
lution o, as it has two non-real conjugate base-points. The following theorem presents a
generating set of Birg (P?).

Theorem I1.1.10 ([BlaMan2014, Theorem 1.1]). The group Birg (P?) is generated by Autg (P?),
o, o’ and the (uncountable) family of standard quintic transformations of P? (see Definition I1.1.11).

In particular, Birg (P?) is generated by a set of bounded degree.

Definition I1.1.11. We define a type of real birational transformation called standard quin-
tic tranformation.

Let q1,q1, g2, G2, g3, P3 € P? be three pairs of non-real conjugate points of P2, not lying
on the same conic. Denote by 7: X — P? the blow-up of these points, which induces an
isomorphism X (R) — P?(R). The set of strict transforms of the conics passing through
five of the six points correspond to three pairs of non-real conjugate (—1)-curves. Their
contraction yields a birational morphism n: X — P?, inducing an isomorphism X (R) —
P2 (R), which contracts the curves onto three pairs of non-real points r1, 71, r2, 72,73, T3 €
P2, We choose the order so that 7; is the image of the conic not passing through ¢;. The
map ) := nr ! is a birational map P? --» P? inducing an isomorphism P?(R) — P?(R).

Let L C P? be a general line of P2. The strict transform of L on X by 7! has self-
intersection 1 and intersects the six curves contracted by 7 in two points (because these
are conics). The image of (L) has then six singular points of multiplicty 2 and self-
intersection 25; it is thus a quintic passing through the r; with multiplicity 2. The con-
struction of ¢! being symmetric to the one of ¢, the linear system of ¢ consists of quin-
tics of P? having multiplicity 2 at g1, 1, 42, G2, g3, @3-

One can moreover check that ¢ sends the pencil of conics through ¢1, q1, g2, g2 onto
the pencil of conics through 71, 71, 2, 72 (and the same holds for the two other real pencils
of conics, through ¢, G1, ¢3, g3 and through ¢2, 32, g3, G3).
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The generating set in Theorem II1.1.10 is not far from being minimal in the sense that
it is not possible to generate Birg(P?) by Autg(P?) and only countably many elements
[Zim2015, Theorem 1].

A more general statement of Theorem I1.1.10 can be found in [Isk1991, Theorem]
where a generating set of Birk(P") for any perfect field k is given. As the statement is
much more general, the list of non-linear generators is much more diverse than the one
given in Theorem I1.1.10. In [IKT94], generating relations are given for the generating set
found in [Isk1991].

The standard quintic transformations send a real conic bundle onto a real conic bun-
dle and this leads to the following definition:

Definition I1.1.12. Fixing two points p; = [1 : ¢ : 0],p2 = [0 : 1 : i], we denote by
Jo C Birg(P?) the subgroup of transformations preserving the pencil of conics through
p1,P1, P2, P2. In other words,

Jo = {f € Birg(P?) | 3a € PGLy(R) : 7o f = amo},

where mo: P2 --» PL, [z 1y @ 2] =-» [y? + (z + 2)? : ¥* + (z — 2)?], whose fibres are the
conics through p1, p1, p2, Da.

Remark II.1.13 ([Zim2015, Lemma 2.5]). For any standard quintic transformation f €
Biry (P?) there exist «, 8 € Auty (P?) such that fa € Jo.

Extending the scalars to C, the two groups J, and J, are conjugate; for instance, by
any quadratic transformation having base-points p;, p1, p2 and sending p; onto [1 : 0 : 0]
(cf. Chapter 11.4.2). It is not true over R [Zim2015, Remark 4.11].

Denote by 7;: X5 — P? the blow-up of pi, p1, p2, p2. Then, because no three of the
four points are collinear, X5 is a real del Pezzo surface of degree 5, and mwom; : X5 — P! is
a real conic bundle whose fibres are the strict transforms of the conics through p1, ..., p2
and which has exactly three singular fibers, which are the strict transforms of the three
reducible conics C := Ly, 5, U Ly, p,, C2 := Ly, p, U Lp, 5, C3 := Ly, 5, U Ly, 5,- The only
singular fibre having real components is C'; and the contraction of one of its components,
for instance the strict transform of L,, 5,, yields a birational morphism 7, : X5 — X onto
a real del Pezzo surface of degree 6, and 7/, := 7o (n2)': Xg — P! is a minimal real
conic bundle. The group 7, is conjugate via (127, ') to the group of birational transfor-
mations of X¢ preserving the conic bundle structure. This is summarised in Figure II.1;
the exceptional divisors of py, p2 are not drawn, the circle in Xg is the image of Epz pas and
the numbers in the square brackets are self-intersection numbers.

From this point of view, a standard quintic transformation is conjugate via (721, ') to
an elementary link of X defined over R; it is the composition of the blow-up of two non-
real conjugate points on X contained in two non-real conjugate fibres and the contraction
of the strict transform of these fibres.

The image of the exceptional divisors of p;, p; are non-real conjugate (—1)-sections
on the real conic bundle X5 — P! Contracting these, we obtain the rational fibration
Q31 --+ P!, where Q37 C P?is given by w? = 22 + y? + 2% and whose real chapter
931(R) ~ S? is diffeomorphic to the real 2-sphere.

Lemma I1.1.14 ([Zim2015, Corollary 2.6]). The group Birg (IP?) is generated by its subgroups
AUtR(P2); T » Jo.
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Gy Gy G X (r2(m)™") Jo (m(n2)™") X Cs G G
-1 E, [ ] \ ° v i [ \ By, [-1]

‘ ) pm ()
X L7 i RN X6

71] Lszﬁ‘z

W /\< >//\< /
/

Figure II.1: The birational action of J, on the real conic bundle i Xg — Pl

Proof. By Theorem I1.1.10 and Remark I1.1.13, Birg (P?) is generated by Autg (P?), o, 0’ and
the family of standard quintic transformations contained in J,. Observing that o € 7.
and o’ € 7., the claim follows. O

We also obtain a structure theorem similar to Theorem I1.1.6 and Theorem I1.1.7.
Define S := Autg(P?) U J. U J, and let Fs be the free group generated by S. Let
w: S — Fg be the canonical word map.

Definition I1.1.15. We denote by G be the following group:

w(flw(g)w(h), f,9.h € Autg(P?), fgh =1in Autg(P?)
s/ w(f)w(g)w(h), f,9.h € T, fgh=1in T,
w(f)w(g)w(h), f.9.h € Jo, fgh=1in T,

the relations in the list below
1. Let 01,62 € J be standard quintic transformations and o, as € Autg (P?).
w(a)w(b)w(ar) =w(l2)inG if axbia; = bs.
2. Let 7,7 € Jx UJ, both of degree 2 or of degree 3 and o, a2 € Autg (P?).
w(m)w(ar) = w(a)w(me)inG if 1o = agm.

3. Let 71,7, 73 € Ji all of degree 2, or 71, of degree 2 and 73 of degree 3, and
1,000,038 € AutR(IF’Z).

w(m)w(a)w(n) = wlas)w(mg)w(az) inG  if majm = aszsas.

Note that the group G is isomorphic to the free product of Autg(P?), J., J, amalga-
mated along all pairwise intersections and divided by the relations in the above list.
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Since Birg (P?) is generated by Autg(P?), Jx, Jo (Lemma I1.1.14), there exists a natural
surjective group homomorphism Fs — Birg(IP?) which gives rise to a group homomor-
phism G — Birg(IP?), since all relations above hold in Birg (P?).

Theorem 11.1.16 ([Zim2015, Proposition 2.9]). The group Birg(P?) is isomorphic to G.

This structure theorem is rather technical and ugly to look at, but it allows us to prove
the following theorem.

Theorem I1.1.17 ([Zim2015, Theorem 2]). The group Birg (P?) is not perfect: its abelianisation
is isomorphic to
Birg (P?)/[Birg (P?), Birg (P?)] @ 7.)27.

Moreover, the commutator subgroup [Birg(P?), Birg (P?)] is the normal subgroup generated by
Autg(P?) = PGL3(R), and contains all elements of Birg (P?) of degree < 4.

The situation for Birc (P?) is quite different: The group Birc (P?) is perfect [CerDes2013,
Corollary 5.15], i.e Birc(P?) = [Birc(P?), Birc(P?)], and the normal subgroup generated
by any non-trivial element of degree < 4 is the whole group [Giz1994, Remark on Lemma
2, p. 42] (see also [Zim?2015, Lemma 4.13]).

Remark I1.1.18 ([Zim2015, §3.2, §4]). Let : Birg(P?) — g Z/2Z be the abelianisa-
tion homomorphism from Theorem I1.1.17. Then the image of the set of standard quintic
transformations in 7, is a generating set of Py, Z/27Z.

For a deeper discussion of this theorem and its implications, see Chapter IV, §4, §5.

I.2 Higher dimensions

For n > 3 and any field k, Birk(P") is not generated by Auty(P") and the standard Cre-
mona involution. In fact, we have even more than just the Noether-Castelnuovo theorem
being false:

Theorem I1.2.1 ([Pan1999, Théoreme 1]). For any field k and n > 3, Biry (P") is not generated
by Auty (P") and a countable number of elements of degree d > 1.

The proof of the theorem presents a family of counter examples, which relies on the
following: Every irreducible curve is birational to a plane curve [Har1977, §IV.3.11], and
C x P? is birational to ¢’ x P? if and only if C and C’ are birational [Kan1987, Theorem
3].

Let p € k[X, Y] be irreducible and of degree d > 1. It defines a curve C in A% The de
Jonquieres map

1 I9
T:lxo:---:an) - [zop(—, =)l : z2d: - 2,29
Ir3 I3

contracts the hypersurface given by p(t, 2 )z$ = 0, which is birational to C x P"~2. Thus
we need at least as many generators Biry (P") of degree> 1 as birational classes of curves.

Until now, no non-trivial generating set of Biry (P") is known for n > 3.
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II.3 Birational diffeomorphisms

Recall that every automorphism of P" defined over k is linear and vice versa. However, if
k is not algebraically closed, the Cremona group might contain elements that are defined
at every k-point of P and yet is not linear.

Definition I1.3.1. For a variety X, we denote by X (k) its set of k-points and define
Aut(X (k) = {f € Biri(X) | £, f ! are defined at every point of X (k)} C Biry(P?).

For k = R, the group also called the group of birational diffeomorphisms of X.

We always have the inclusion Auty(X) C Aut(X (k)), which is strict in general, as we
see from the following theorems presenting the generating sets of the groups of birational
diffeomorphisms of the three minimal real rational surfaces P2, Fy = P! x P! and Q31 =
{[w:z:y:2] € PP w? =12%+ y? + 2?}. Their real points are respectively P?(R), the real
torus S x S' and the real 2-sphere S?.

Theorem I1.3.2 ([Ron Vus2005, Teorema I1],[BlaMan2014, Theorem 1.2]). The group Aut(P?(R))
is generated by Autg(P?) ~ PGLy(R) and the family of standard quintic transformations (see
Definition 11.1.11).

Theorem I1.3.3 ([KolMan2009, Theorem 1],[BlaMan2014, Theorem 1.3]). The group Aut(Qs1(R))
is generated by Autr(Qs 1) = PO3(R) and the standard cubic transformations (see definition
below).

Let us quickly recall the definition of standard cubic transformations on Q3 1, which
is quite similar to the definition of standard quintic transformations on P2.

Definition I1.3.4. Let p1, p1,p2,p2 € Q31 C P3 be two conjugate pairs of non-real points,
not all lying on the same plane of P3. Let 7: X — Q3 be the blow-up of these points.
The non-real plane of P3 passing through pq, p1, p2 intersects Q3 1 onto a conic, having
self-intersection 2: two general different conics on Qg ; are the trace of hyperplanes, and
intersect then into two points, being on the line of intersection of the two planes. The strict
transform of this conic on X is thus a (—1)-curve. Doing the same for the other conics
passing through three of the points p1, p1, p2, p2, we obtain four disjoint (—1)-curves on
X, that we can contract in order to obtain a birational morphism 7n: X — Qs ; note
that the target is Q3 ; because it is a smooth projective rational surface of Picard rank
1. We obtain then a birational map ¢ = nr~': Q31 --» Q3 inducing an isomorphism
931(R) — 931(R).

Denote by H C Q31 a general hyperplane section. The strict transform of H on X by
7! has self-intersection 2 and has intersection 2 with the four curves contracted by 7.
The image v(H) has thus multiplicity 2 and self-intersection 18; it is then the trace of a
cubic section. The construction of 1) and 1/ ~! being similar, the linear system of ¢ consists
of cubic sections with multiplicity 2 at p1, p1, p2, D2.

Theorem I1.3.5 ([BlaMan2014, Theorem 1.4]). The group Aut(IFo(R)) is generated by Autr (Fp) ~
PGL2(R)? x Z/2Z and by the involution

70: ([70 : w1], [yo = 1)) F=» ([zo : 21, [Toyo + 11 : T1Y0 — Toy1])
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Remark IL3.6. The generating sets of Aut(P?(R)) and Aut(Q31(R)) are not far from being
minimal; they are not generated by their automorphism groups countably many trans-
formations [Zim2016, Corollary 1.4]. This follows from the fact that the abelianisation
homomorphism Birg(P?) — @y Z/2Z in Theorem I1.1.17 restricted to these groups is
surjective and that the image of their generators is a generating set of Py Z/27Z.

For Aut(A%(R)) no non-trivial generating set known. Yet, we have the following state-
ment: Every standard quintic transformation in 7, is contained in Aut(A%(R)), so, by
Remark I1.1.18, the abelianisation homomorphism restricted to Aut(A%(R)) is surjective.
Hence also Aut(A?(R)) cannot be generated by its linear elements and countably many
elements [Zim?2015, Corollary 1.4].

II.4 Relations in the plane Cremona group

To study the plane Cremona transformations over an algebraically closed field, it is quite
useful to have certain relations between quadratic transformations at hand. For k = R it
is useful to know some relations among elements of 7. In this chapter, we present the
most obvious and most commonly used relations in Chapter III and Chapter IV.

I1.4.1 Quadratic transformations

If k is algebraically closed, then Biry (P?) is generated by the standard Cremona involu-
tion, which is of degree 2, and the linear group Auty(PP?). Therefore, to study relations
in the Cremona group, we just have to know what happens to the linear system of a
transformation when we compose it with a quadratic transformation.

The quadratic transformations of P? are the easiest transformations to deal with and
there are just three types of them, their prototypes being the involutions

og:[x iy zlF-s [yz w2 xy]

oy [y 2] r-s [zy s 2% y2]

o1 [xiy:z]r-s [—xy+z2 :y2 s yz],
The first is the standard Cremona involution. The second has two base-points [1 : 0 :
0],[0: 1 : 0] and the point p on the exceptional divisor of [1 : 0 : 0] that corresponds to the
line given by y = 0. The third has base-points [1 : 0 : 0], p and a point on the exceptional

divisor of p that is not on the intersection of the strict transform of the exceptional divisor
of [1: 0 : 0] and the exceptional divisor of p.

Lemma I1.4.1 ([AC2002, §2.8]). Let k be algebraically closed and T € Biry(P?) a quadratic
transformation. Then there exists o, 3 € Auty(P?) and i € {1,2, 3} such that

T = Bo;a.

Of course, if k is not algebraically closed, such «, 5 exist but might only be defined
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over the algebraic closure k of k. For instance, the involution
N P e 2 o2
osix iy zlr-s [z xz s xt + Y7

is defined over k = R and has base-points [0 : 0 : 1],[1 :i:0],[1 : —i : 1], but there is no
linear transformation defined over R sending these points onto [1: 0:0],[0:1:0],[0:0:
1]. However, since any quadratic element 7 € Birg (P?) with three proper base-points has
either three real base-points or two non-real conjugate base-points and one real one, we
can find o, 8 € Autg(P?) such that 7 = Bosa or 7 = Boja. If 7 has at least one infinitely
near base-point, then all its base-points are real points and we can find «, 8 € Autg(P?)
and i € {1, 2} such that 7 = fo;a.

The following lemma tells us just how easy it is to calculate the degree and multiplic-
ities of the composition of any transformation with a quadratic transformation.

Lemma I1.4.2 ([AC2002, Proposition 4.2.5]). Let 7, f € Biry(P?) be transformations of degree
2 and d respectively. Let py,pa, p3 be the base-points of T and q1, qo, q3 the base-points of 7~ 1.
Define

€ =mg, (Af) +mg,(Ay) +mgs (Ap).

Then
deg(fr) =2d —¢, mpi(AfT) =d—e+ qu‘(Af)

and m(z-1y, () (Agr) = my(Ay) if 1 is not a base-point of T L.

Remark I1.4.3. We get the following consequence of the above lemma: Let 7, 7" € Biry (P?)
be two quadratic transformations. If 771, 7" have 3,2, 1 or zero common base-points, then
deg(7'T) is respectively 1, 2, 3 or 4.

Remark 11.4.4. By writing o3 = 720271202, we see that Bir(P?) is also generated by
Aut(P?) and o3.

The following proposition emerged form a discussion with ISAC HEDEN.

Proposition I1.4.5 (cf. [Giz1999, p. 122] for n = 3). For any field k of char(k) = 0 and any
n > 1, the set

Birk(P”)(”H) = {f € Birg(P") | Jac(f) = ap™™t, p € k[zo,..., 2], a € K*}

is a proper subgroup of Bir (P™). In particular, Bir, (P?) is not generated by oy and Auty (P?).

Proof. Let f € Birk(P") be given by

filro: - rxp)v-2 [folzo, ... xn) s -t fulxo, ..., zp)]
for some fo,..., fn € k[xo,...,z,] homogenous without common factors. We define the
Jacobian of f to be
af n+1
Jac(f) := det ( Z) € k[xo, ...,z
Ox; ij=1

For the composition of two elements f, g € Biry(P?), we get

Jac(fg) _ Jac(f)(907 hn—;ign) i Jac(g)’
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where h is the largest factor of fy(go,.-.,9n),-- -, fn(90--.,9n) [BlaHed2014, Lemma 2.3].
If Jac(f) = ap™! and Jac(g) = bg" ™! for some p, q € k[xo, ..., r,] and a, b € k*, then

. n+1
}‘;gn) q) € k[zg, ..., zy]

" (go, ..., gn) - bg" ! .
Jac(fg) = P (go,hnilg) q :ab<p(go,

and hence fg € Bir,(P")(™+1). Similarly, one shows that if f € Bir,(P"?)("*1), then f~! €
Biry (P")("*+1). The group Biry (P™)("*+1) is a proper subgroup of Biry (P") because by [Blated2014,
Corollary 2.4], the Jacobian of the standard Cremona involution ¢ is

Jac(o) = (—1)"n H(wz‘)n_17
i=0

which is not a (n + 1)-th power of a polynomial. The quadratic transformation o1 has
Jacobian Jac(oy) = —2y?, hence oy € Biry (P?)(®). Further, the Jacobian of any element in
Auty (P") is a non-zero constant, hence Auty (P") C Bir (P")(™+1), O

I1.4.2 Standard quintic transformations

For k = R, the group Birg(P?) is generated by Autg(P?), 03,04 and the family of stan-
dard quintic transformations (Theorem I1.1.10, see Definition I1.1.11). Therefore, we have
to study the image of linear systems of transformations by standard quintic transforma-
tions.

Lemma I1.4.6. Let 0, f € Biry(P?) be a standard quintic transformation and a transformation of
degree d respectively. Let p1, p1, p2, P2, p3, P3 be the base-points of 6 and q1, . . ., g3 the base-points
of 0. Define

€ =2mq, (Ay) + 2mg, (Ay) + 2mg, (A ).

Then
deg(f0) = 5d —2e, myp,(Afg) =2d — e+ mgy,(Ayf)

and mg-1), ) (Agg) = my(Ay) if r is not a base-point of 61,

Proof. Recall that mg, (Ag-1) = mg,(Ag-1) = 2 and my, (Af) = mg,(Af) forany i = 1,2, 3.
Then the formula for deg(f6) follows from Lemma 1.3.4.

Lemma 1.3.4 also states that any base-point of f6 is contained in Base(6)U(671),(Base(f)\
Base(0~')) C B(P?), and if p € Base(Aq) \ Base(6), then my,(Asg) = mg-1), () (Af).

Fori = 1,2, let n;: X; — P? respectively be the blow-ups of the points py, ..., p3 and
q1,---,q3. By definition of the standard quintic transformation, there exists an isomor-
phism a: X; — X» such that the following diagram is commutative

X3 —Z>X2

o

PQ*Q>PZ

If p = p; € Base(f), then p is the image by 6! of the conic C,, C P? passing through all
of q1,...,q3 except through ¢; (see Definition I1.1.11). Let ¢ € Ay be a general element.
As nia contracts only C, onto p, the multiplicity of the general element §7(c) € Ay is
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exactly I
mp(f0) = Cq, ~ - ™ =2deg(f) — e +mg (Ay).

It is no surprise that the formulae for composing with a standard quintic transfor-
mation look so similar to the ones for composing with a quadratic transformation. By
Lemma I1.4.1 there exist quadratic transformations 7,7 € Birc(P?) with base-points
p1, D1, p2 and qi,q1, g2 respectively. Denote by 71, r2, 73 and s1, s2, s3 the base-points of
their respective inverse and consider the following commutative diagram, where the
points are the base-point of the corresponding map

g2 Dl 0 o] po
[p1,P1,p2] | I [q1,q1,42]
| T s |
[r1,72,r3]¥ rgr—1 Y[s1,52,53]
P277711777>P2

Using the formula for degree and multiplicity in Lemmata 1.3.4 and 11.4.2, we get deg (677 1) =
4 and has base-points ¢, q1, g2 of multiplicity 2 and g2, g3, g3 of multiplicity 1. Then, by
using the same formulae, deg(7/(077!)) = 2 with base-points 7e(72), Te(q3), Te(73)-

Over k = R this is not possible, because by the construction of the abelianisation
¢: Birg(P?) — @ Z/2Z (see Chapter IV, §3.2), the standard quintic transformations are
sent onto generators of Py Z /27, whereas all quadratic maps are in the kernel of .

It is possible to compute the elements of 7, in an explicit way, although, of course,
the calculations get complicated very fast. What follows now is a manual at whose end
are the formulas needed for the explicit calculation.

Definition I1.4.7. Let 7: X — P! be a real conic bundle. We denote by
Birg(X,7) = {f € Birg(X) | 3o € PGL2(R) such that 7 f = an}

the group of real birational transformations of X that respect the conic bundle structure.

We fix p1 = [1 : 4 :0],po = [0:1:34]. Let X5 — P? be the blow-up of p1,p1, p2, D2,
which is the real conic bundle #,: X5 — P!, whose fibres are the strict transforms of
the conics passing through p1, p1, p2, p2. Via this blow-up, 7, is conjugate to Birg (X5, 7).
The real conic bundle 7,: X5 — P! is not minimal because the strict transforms of the
conic Ly, 5, ULy, 5, is a singular fibre with two real components. Contracting one of these
components, we obtain the minimal real conic bundle 7,: Xg — P!, the surface X4 being
a del Pezzo surface of degree 6. Via this morphism, 7, is conjugate to Birg(Xg, 7). The
conic bundle Xg is in fact the blow-up of the sphere Q31 = {[w : 7 : y : 2] € P? | w? =
2% + y? + 2?} in a pair of non-real conjugate points p, p, as indicated in Figure I1.2.
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) i blow up p,p

|7

p

7 Figure I1.3: The map e: Xg — P! x PL.
* I

fﬁ fp

Figure IL.2: The real conic bundle
o: X¢ — P! obtained by blowing up
p,p € Q31.

The real surface Q3 is isomorphic to P! x P! endowed with the anti-holomorphic invo-
lution

os: ([uo = u], [vo = v1]) = ([T0 = 0], [t : w])-
Lemma I1.4.8 ([RobZim2016, Definition 4.1]).

1. The real conic bundle X is isomorphic to
Xo = ({([wo s 212 22], [yo : w1 2 y2]) € P2 x P? | woyo = 2131 = 2290}, 0x,)

where OXg: ([LL’() X xg],[yo DY yg]) — ([Ql TV yg],[xl D Xo .fg]) is the
anti-holomorphic involution inherited from Qs ;.

2. The morphism &: (Xe,0x,) — (P x PL,0g),

([wo = @1 : o], [yo : y1 : @a]) > ([0 < w2 [w2 = 1)) = ([y2 : wos [y - w2))
51

([wovo = wyvy = wrwo], [urvy = wovg = wovr] €--1([ug : uil, [vo : v1])

is the blow-up of the two non-real points p = ([0 : 1],[1 : 0]), p = ([1 : 0],[0 : 1]) on
(]P)l X Pl, O‘S).

Definition I1.4.9 (Descending to a non-real surface). Contracting the (—1)-curves f; and
fp on Xg indicated in Figure I1.2 yields a non-real birational map ¢: X — P! x P!

(lwo = @1 = 2], [yo = y1 = w2]) ¥ ([wo = 21, [22 : 20)) = ([y1 : vols [Yo : v2])

6_1

([wovr = wrvy = ugwo], [urvg = wevp = uvr]) €-=1([ug : uil, [vo : v1])

which respects the conic bundle structure of either surface (cf. [RobZim2016, Definition
4.4]). The two contracted components are contracted onto ([0 : 1], [1 : 0]) and ([1 : 0],[0 :
1]), as indicated in Figure II.3. The anti-holomorphic involution oy, on X¢ descends via

€ to the rational involution

oc: ([uo : ul], [’UO : Ul]) -3 ([ao : ’L_Ll], [’l]l’l_)l : ﬂol_)()]).
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Here, on (P! x P!, o() it is rather straight forward to do any calculations. Then, con-
jugating with e§~!, we can get explicit formulas on the sphere (P! x P!, og).

X6

T

(B! x P!, 05) 50 > (P! x P, 00)
More explicitly:

Manual I1.4.10 (Computation of elements of 75).
¢ Pick an element of 7,
» Compute its explicit form on (P! x P!, o)
* Conjugate with e61: (P! x P!, 0g) --» (P! x P!, 0¢), which is given by
g1

([ug : u1], [vo : v1]) m=+ ([uovo : wrv1], [ug : wo))

([1)1 : 1)0], [UOUO : ulvl]) i—a:—:l} ([uo : ul], [’Uo : 7)1])

to obtain a real birational transformation of the real surface (P! x P!, 55) ~ Q3.1

The following question was asked by I. CHELTSOV during one of my talks about the
real plane Cremona group.

Question: Is the real plane Cremona group generated by Autg(P?) and involutions,
just like the complex plane Cremona group is generated by Autg(P?) and involutions?

The answer is yes and given in Corollary 11.4.12.

Lemma I1.4.11. If a standard quintic involution induces the identity map on P!, it is conjugate
to an involution of the sphere (P! x P!, o5) of the form

([zo : z1], [yo = ya]) +—»
([zo (px1y0 — A(zoyo, z1y1)) & 1 (A(zoyo, T1y1) + Azoy1)], [yo (A(zoyo, T1y1) + Azoy1) : y1 (p@1yo — A(2oyo, z1y1))])

where A € Clu,v] is linear homogeneous and |A| = |p|, A = —§A.

Proof. As explained above, we can see a standard quintic transformation as elementary
link 6 of the real surface X¢ (see Definition I1.4.8). By Definition II.1.11, the pair of non-
real conjugate points that is blown up by the link is not contained in any of the (—1)-
curves of Xg. The link 6 descends to a link ¢’ of the surface (P! x P!, o) preserving
the fibration of the projection onto the first component, and its base-points ¢, g are not
contained in any of the lines zgz1yoy1 = 0. [Zim2015, Lemma 3.7] states that a standard
quintic transformation in 7, induces the identity map or [zg : 1] ~ [1 : 2] on PL
Furthermore, the image of a fiber of the second projection is mapped by ¢’ onto a curve
intersecting a general fibre of the second projection in one point. Therefore, ¢’ is of the
form

0" ([xo : z1], [yo : 1)) == ([ = x5], [A(zo, 1)yo+ B(xo, z1)y1 = C (w0, 21)yo+ D (w0, z1)11])

where {i,j} = {0,1} and A, B,C, D € Clxo, z1] are homogeneous of degree 1. We focus
on the case (i,7) = (0,1). The property § = Id* imposes that A> = D? and B(A + D) =
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C(A+ D) = 0. The option B = C' = 0 yields an automorphism, so ¢’ is of one of the two
forms

0": ([xo = 21], [yo : y1]) == ([0 : 21], [B(o, 21)y1 = C (w0, 21)y0])
0": ([zo : z1], [yo : v1]) ¥ ([0 : 1], [A(x0, z1)yo + B(wo, x1)y1 : C(w0, 71)y0 — A0, 71)31]), ABC #0.

Further, #’ commutes with o¢. For the first option, it imposes that ¢, ¢ are on the lines
zor1yoy1 = 0, which contradicts our assumptions on #'. For the second option, we get
B =Mz, C = pwo, |\ = |u/and A = —£A.

0": ([zo: 1], [vo : 11]) v=> ([zo : @], [Ayo + Az1y1 : pwoyo — Ana]), [N = |u|, A= —TA.

Conjugating as instructed in Manual 11.4.10, we get the involution

([zo : z1], [yo : y1]) ===
([zo (mr1yo — A(zoyo, z1y1)) : 21 (A(zoyo, £1y1) + Azoy1)], [yo (A(zoyo, z1y1) + Azoy1) : y1 (nr1yo — A(zoyo, z1y1))])

Of(I[Dl XPl,Us). O

Corollary 11.4.12. For each non-real conic C C P? through py = [1 : i : 0],p1,p2 = [0: 1 :
i], D2, there exists a standard quintic involution in J, with a base-point on C'\ {p1, p1, p2, P2}
In particular, Birg (P?) is generated by Autg(P?), the quadratic involutions

oilriyz v [yziaziay], o:lriy:z]r-s [wziyz a4 47
and the set of standard quintic involutions.

Proof. Finding such a standard quintic involution is equivalent to finding for each non-
real @ € C* an involution as in Lemma I1.4.11 that contracts the fibres of [a : 1],[a : 1] of
the conic bundle 7,6~ !: (P! x P!, og) --» PL.

Let a € C* non-real and A € R[u,v] linear and homogeneous such that A(a,1) #
—A(a,1). Plugging A = i = —@
has base-points

into the involution in Lemma I1.4.11, we see that it

q:= ([a:1],[-A(a,)a : A(a,1)]),q,
which is a pair of non-real conjugate points because of A(a,1) # A(a,1). Furthermore,
the condition Afi + A\ = 0 is satisfied, so we have obtained an involution of the conic
bundle 7,6~ 1: (P! x P!, 0g) --» P! that contracts the fibres of [a : 1], [@ : 1]. In particular,
for any non-real conic C' C P? through p; = [1:4:0],p1,p2 = [0 : 1 : ¢], py there exists a
standard quintic involution in J, with a base-point on C'\ {p1, p1, p2, P2}

The group Birg (P?) is generated by Autg(P?), o, o’ and the family of standard quin-
tic transformations. Any quadratic transformation in Birg(P?) is contained in the group
generated by Autg(P?), o and ¢’. [Zim2015, Lemma 5.6] implies that any two standard
quintic transformations in J, that have the same image in Birg (P?)/((Autg(P?))) can be
obtained form one another by composing with linear and/or quadratic transformations
from the left and the right. It follows that Birg (P?) is generated by Autg(P?), o, o’ and
the set of standard quintic involutions. O
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The Cremona group of the plane is compactly presented

Susanna Zimmermann

ABSTRACT

This article shows that the Cremona group of the plane is compactly presented. To do this,
we prove that it is a generalized amalgamated product of three of its algebraic subgroups
(automorphisms of the plane and Hirzebruch surfaces) divided by one relation.

1. Introduction

Let k£ be a field. The Cremona group Bir(P") is the group of birational transformations of
the projective space P} = P". It corresponds to a very intensively studied topic in algebraic
geometry (see [7, 10, 15] and references therein).

A birational transformation of P™ is simply a birational change of coordinates, so Bir(P")
is a natural generalization of Aut(P") = PGL,,41(k), and in many aspects the Cremona group
behaves like semi-simple groups, but also in many aspects it does not. Some analogies between
the Cremona groups and semi-simple groups have been presented by Serre in the 1000th
Bourbaki seminar [15], and by Cantat [6].

For k a local field and endowed with the Euclidean topology, constructed in [5], the Cremona
group becomes a Hausdorff topological group. For kK = C and k = R, the restriction to its
subgroup PGL,,11(k) of linear coordinate changes of P" is the Euclidean topology. This not
only opens the path to study the geometric properties of the Cremona group coming from the
Euclidean topology, but also presents the opportunity to study the Cremona group from the
point of view of geometric group theory and raises the question of analogies to Lie groups.

In this article, we will present one of these analogies, namely the property of being compactly
presented (see Definition 6.1).

Let us take a closer look at the Cremona group endowed with the Euclidean topology:

The group Bir(P{) = PGL2(C) is compactly presented by any neighbourhood of 1 because
it is a connected complex algebraic group (see, for example, [1, Satz 3.1]).

For n > 2 and k any local field, the group Bir(P}) is not locally compact [5, Lemma 5.15],
though the topology is the inductive topology given by the family of closed sets Bir(P")<q =
{f € Bir(P") | deg(f) < d}, which are locally compact [5, Proposition 2.10, Lemma 5.4].
Furthermore, any compact subset of Bir(P") is of bounded degree.

For n >3, the group Bir(Pg) is not compactly generated [5, Lemma 5.17], hence not
compactly presented.

The group Bir(P%) is generated by Aut(P%) = PGL2(C) and the standard quadratic trans-
formation o : [z :y: 2] v-» [yz : xz : zy] (see [8]). Its subgroup Aut(P%), being a connected
complex algebraic group, is compactly presented by any neighbourhood of 1. Hence Bir(PP%) is
compactly generated by any compact neighbourhood of 1 in Aut(IP’?C) and o.

The aim of this article is to show that, even though it is neither an algebraic group nor
locally compact, Bir(P2) is moreover compactly presented.
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THEOREM A (Corollary 6.8). Endowed with the Euclidean topology, the Cremona group
Bir(IP%) is compactly presented by {o} U K, where K is any compact neighbourhood of 1 in
Aut(P2) and o : [z :y: 2] F-» [yz : xz : wy] is the standard involution of P4.

For algebraically closed fields, the generating sets and generating relations of Bir(P?)
have been studied thoroughly: The famous Noether-Castelnuovo theorem [8] states that if
k is algebraically closed, then Bir(P?) is generated by Aut(P?) and the standard quadratic
involution o : [z : y : 2] v-» [yz : xz : zy], that is, the generating set is the union of two complex
linear algebraic groups.

A presentation was given in [11], where the generating set consists of all quadratic
transformations of P2 and the generating relations are of the form ¢1¢2q3 = 1, where ¢; are
quadratic transformations. Another presentation was given in [14], where it is shown that
Bir(P! x P!) (isomorphic to Bir(P?)) is the amalgamated product of Aut(P! x P!) and the
de Jonquieres group of birational maps of P! x P! preserving the first projection along their
intersection modulo one relation. In [4], a similar result is presented; the group Bir(P?) is the
amalgamated product of Aut(PP?) and the de Jonquieres group J11:0:0) of birational maps of P?
preserving the pencil of lines through [1 : 0 : 0] along their intersection modulo one relation.

Since neither Aut(P?) = PGL3(k) nor the set of quadratic transformations nor the de
Jonquieres group are compact in the Euclidean topology, these presentations yield no compact
presentation. However, all three presentations yield bounded presentations (the length of the
generating relations are universally bounded).

In [18], using [14], a presentation of Bir(PP?) is given by the generalized amalgamated product
of Aut(P?), Aut(P' x P') and Jjo.1.9) (as subgroups of Bir(P?)) along their pairwise intersection,
where Aut(P! x P!) is viewed as a subgroup of Bir(P?) via a birational map P? --» P! x P!
given by the pencils of lines through [0 : 1: 0] and [1: 0 : 0]. Again, since Jj.1.0] is not compact,
this does not yield a compact but only a bounded presentation, but it gives rise to the following
idea, which is the key step in the proof of Theorem A.

THEOREM B (Theorem 5.5). Let k be algebraically closed. Then the Cremona group
Bir(P?) is isomorphic to the amalgamated product of Aut(P?), Aut(Fy), Aut(P! x P) (as
subgroups of Bir(P?)) along their pairwise intersection in Bir(P?) modulo the relation 11307130,
where 113 € Aut(P?) is given by Ti3: [z :y: 2] = [z y: 2]

Here the inclusion of Aut(P! x P!) into Bir(IP?) is the same as before, Fy is the second
Hirzebruch surface and the inclusion of Aut(F3) into Bir(IP?) is given by a birational map P? --»
F5 given by the system of lines through [1 : 0: 0], and the point infinitely near corresponding
to the tangent direction {y = 0}.

The method used to prove Theorem B is, like in [4, 14], to study linear systems and their
base-points. The difference here is that our maps have bounded degree. This rigidifies the
situation and changes the possibilities for simplifications. The proof of Theorem B does not
use [18].

For k = C, the three groups Aut(P?), Aut(Fs), Aut(P! x P!) are locally compact algebraic
groups. Using this and Theorem B, we prove Theorem A.

The plan of the article is as follows:

In Sections 2 and 3, we give basic definitions and results on Aut(P! x P!) and Aut(F3).
Section 4 is devoted to relations in the generalized amalgamated product of Aut(PP?), Aut(Fy),
Aut(F2) modulo the relation 7y307130. These are the backbone of the proof of Theorem B,
which will be given in Section 5. In Section 6, we visit some facts about compactly presented
groups and then finally prove Theorem A.

In Sections 2-5, we work over any algebraically closed field k and Section 6 restricts
to k= C.
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2. Description of Aut(P' x P') and Aut(F2) inside the Cremona group

This section is devoted to the description of the subgroups Aut(P! x P') and Aut(Fs) of
Bir(P?).
Remember that the nth Hirzebruch surface F,,, n € N, is given by

Fo={([x:y:2],[u:v]) € P?x P |yo™ = zu"}.

Observe that Fy = P! x P! and that [F; is isomorphic to the blow-up of one point in P?.

Consider the birational maps g : P? --» Fy and @5 : P? --» Fy given as follows: The map
©o is given by the blow-up of the points [1:0: 0] and [0 : 1 : 0] followed by the contraction of
the line passing through them. The map (5 is given by the blow-up of [1: 0 : 0] and the point
infinitely near [1:0: 0] lying on the strict transform of {y = 0}, followed by the contraction
of the strict transform of {y = 0}. The birational maps g and @2 are only defined up to
automorphism of Fy and . They induce homomorphisms of groups

Aut(Fo) — Bir(P?), o +— ¢y by,
Aut(Fy) — Bir(IP)Q), W — go;lngpz

whose image is uniquely determined by the choice of points blown up in P2. We will denote
the image of Aut(F;) also by Aut(F;) for i = 0,2 since no confusion occurs.

REMARK 2.1 (and Notation). (i) We can check that
P? - Fo, [w:y:2]r ([v:2][y:2])
with inverse ([ug : u1], [vo : v1]) ==+ [ugvy : vous : uyv1], and
P2 s Ty, [x:y:z]r—o ([zy:y?: 2%, [y: 2])

with inverse ([u: v :w],[a: b]) F-+ [ua : va : vb] are examples for ¢y and 5.

(i) For i =0,2, the map (¢;)~! has exactly one base-point, which we denote by p;
(Figure 1).

(iii) The image of the linear system of lines of P? by ¢; has a unique base-point, namely p;.

(iv) We denote by C; the curve of self-intersection 0 in Fy which is contracted by (¢g)~!
onto [1:0:0], and by Cy the curve of self-intersection 0 which is contracted onto [0: 1 : 0].
Remark that pg = ¢o({z = 0}) and that {po} = C1 N Cs.

(v) We denote by E the exceptional curve of self-intersection —2 in Fy. It is contracted onto
[1:0:0] by (p2)~t. Denote by C the curve of self-intersection 0 in Fy which is contracted by
(p2)~! onto the point infinitely near [1: 0 : 0] corresponding to the tangent {y = 0}. Remark
that p2 = ¢2({y = 0}) and p, € C'\ E.

(vi) Let L C P? be a general line. Then Cj-po(L) =1, j=1,2, and C- (L) =1, E-
p2(L) = 0.

The following picture illustrates for i = 0,2 the transformation (y;)~1);0;, where 1); is some
automorphism of F;. At the same time it shows the blow-up diagram of (¢;) ™ 11;¢;.
Consider the birational transformations of P? given by

o1 [xiy 2] rs [—ay 4+ 22 y? gz,
oy:[xiy 2] F-s [y 2%z,

og:wiy:z]r-s [yz a2 ayl
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Fo Fa
E E
P2
P2 © = > P2 C
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—1
fy =0} (i)™ "4e; {y =0}
P2 p2
[1:0:0] [0:1:0] [0:1:0] [1:0:0]

FIGURE 1. The transformation (@;)~ *1pip; for i =0, 2.

They are three quadratic involutions of P? with, respectively, exactly one, two and three
proper base-points in P?. The map o3 is usually referred to as standard quadratic involution
of P2,

The map o3 has base-points [1:0:0],[0:1:0],[0:0:1], the map o2 has base-points
[1:0:0],[0:1:0] and the point p infinitely near [1:0:0] corresponding to the direction
{y =0}, and the map o; has base-points [1:0:0],p,q, where ¢ is a point infinitely near
p not contained in the intersection of the strict transform of the exceptional divisor of
[1:0:0].

REMARK 2.2. For any quadratic map 7 € Bir(P?) we can find i = 1,2,3 and «a, 3 € Aut(P?)
such that a sends the base-points of 7 onto the base-points of ¢; and 3 sends the base-points of
771 onto the base-points of o;. We can then write 7 = 3710, (see [2, Subsections 2.1 and 2.8]).

It follows that the linear system of 7 is the image of the linear system of o; by o', and that
7 and o; have the same amount of proper base-points in P?. Since o1, 02, 03 have, respectively,
one, two and three proper base-points in P2, the amount of proper base-points of 7 determines 4.

The following is the description of the groups Aut(Fy) and Aut(FFy) as subgroups of Bir(P?)
given by the above inclusions:

LEMMA 2.3. (i) For i = 0,2, the group A; := Aut(F;) N Aut(P?) is the group of automor-
phisms of P? fixing the set of base-points of p;, that is, the set {[1:0:0],[0:1:0]} ifi =0,
and the point [1: 0 : 0] and the line {y = 0} ifi = 2.

For each i € {0,2}, A; corresponds via @; to the set of automorphisms of IF; that fix p;.

(ii) The set Aut(Fo) \ Aut(P?) consists of all elements of the form Bo;c, where i = 2,3 and
a, B € Aut(Fp) N Aut(P?).

(iii) The set Ao U AgoaAg corresponds via ¢g to the set of automorphisms of Fy, sending
Po into Cl U 02.

(iv) The set Aut(Fy) \ Aut(PP?) consists of all elements of the form Bo;a, where i = 1,2 and
a, B € Aut(Fg) N Aut(P?).

(v) The set Az U Ay01.Ay corresponds via s to the set of automorphisms of Fy that send
po into C.
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Proof. Fori = 0,2, let v; be an automorphism of IF; and consider the following commutative
diagram

F; L[ﬁ*i
Pi /4 \\ (pi)~*
% \\
/ Lo,
P2_ [ _(4,01_)_1#'_1901_ — >IP)2

(i) The map (¢;)~*1);¢; is an automorphism if and only if it does not have any base-points,
which is equivalent to v; preserving the union of the curves contracted by (¢;)~! and fixing
the point p; blown up by (¢;)~!. This is equivalent to (¢;) 11;p; being an automorphism
preserving the set of base-points of ;.

(i))—(v) Let A be the linear system of lines in P2. We will determine the linear system
(i) 1bi0i(A). Note that (i) shows that (;) " 11;0;(A) = A if and only if ¢; preserves p; and
the union of lines contracted by (y;) !, which is equivalent to v; fixing p;.

Assume that ;(p;) # p; holds. From this, it follows that (¢;)~t;¢; has at least one and
at most three base-points, hence is a quadratic map. In particular, (¢;) 1 1;0;(A) is a linear
system of conics.

(ii) and (iii) If ¢ = 0, then we can check that 03,03 are elements of Aut(F). In fact, if we
take ¢g as in Remark 2.1(i), then they are given by the automorphisms ([ug : u1], [vo : v1]) +->
[ugvy : voug : uyvr] and (Jug @ v1], [ug : va]) ==+ ([v1 : ug], [va @ uz]), respectively. It follows that
the set Ago2.4g U ApgosAg is contained in Aut(Fy).

A general element of tgpo(A) intersects each C; in exactly one point different from py
(Remark 2.1(iii) and (vi)), which means that [1:0:0],[0:1: 0] are base-points of the linear
system of conics (o) " 1Popo(A). The third base-point corresponds via g to the point g(po).
In particular, it is infinitely near to [1:0 : 0] (respectively, [0:1:0]) if and only if 1o(po) €
C, (respectively, 1(po) € Co). By Remark 2.2, we can write (pg) *¢opo = Boja for some
j=2,3 and o, 8 € Aut(P?), where o, 371, respectively, send the base-points of (©g) 1100,
(¢0) ' (¢0) ~tp onto the base-points of o;. If j = 2, then it follows that a, 3 fix the set {[1: 0 :
0],[0:1:0]}. If j = 3, then we have (80)o3(0a) = Bosa for any permutation 6 of coordinates
x,y, z, hence we can assume that « fixes the set {[1:0:0],[0: 1: 0]} and it follows that « € A,.
Since 09,03 € Aut(Fy), it follows that 5 € Aj.

Note that (o) !4gpe has an infinitely near base-point if and only if 1o (pg) € (C1 U C3) \
{po}.

(iv) and (v) If i =2, then we can check that 01,00 € Aut(F3). In fact, if we take
@2 as in Remark 2.1(i), then they are given by the automorphisms ([u:v: w],[a:b])—
([Fu+w:v:wl,[a:b])and ([u:v:w],[a:b])— (u:w:v],[b:al]), respectively. It follows that
Aso1 Az U Asoa Ay C Aut(]Fg).

A general element of 1op2(A) does not intersect E and intersects C' in exactly one point
different from p, (Remark 2.1(iii) and (vi)). Therefore, [1: 0 : 0], the point p infinitely near
to it corresponding to the tangent direction {y = 0} are base-points of the linear system
(p2) " thaa(A). The third base-point corresponds via oo to the point 12(p2). In particular, it
is infinitely near to p if and only if 15 (p2) € C and it is a proper point of P? otherwise. It follows
from Remark 2.2 that we can write (¢2) 11a¢ps = Boja for j = 1,2 and a, 8 € Aut(P?) where
a, 371, respectively, send the linear system of (¢2) a2, (02) 1 (1h2) Lps onto the linear
system of ;. It follows that «, 5 fix [1: 0 : 0], p, and hence o, 8 € As.

Note that (¢2)~ttha¢s has exactly one proper base-point in P? if and only if 5 sends ps into

C\ {p2}- L

Lemma 2.3 allows us to present the following classical results and also describe a Zariski-open
set in each Aut(F;), which will be useful in Section 6 when we prove that Bir(P?) is compactly
presented.
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LEMMA 2.4. Fori=0,2, let A; := Aut(P?) N Aut(F;).

(i) The groups Aut(Fy) and Aut(IFy) are linear algebraic subgroups of Bir(P?).
(ii) The group Aut(Fy) has two irreducible components, namely the component Aut(Fg)°
containing 1 and 112 Aut(Fy)°, where 115 € Aut(Fy) is given by Ti9: [x 1y : 2] — [y : 2 : 2].
(iii) The group Aut(FFy) is irreducible.
(iv) The set AgosAg is a Zariski-open set of Aut(Fy).
(v) The set Asoq.Ay is a Zariski-open set of Aut(Fz).

Proof. (i)—(iii) are classical results, which, for example, can be found in [3, Proposition 2.2.6,
Théoreme 2].

(iv) By Lemma 2.3, the set Aut(Fy) \ (AoosAp) is the set of elements of Aut(FFy) that send
the point pg into the curve C7 U Cy and is therefore closed.

(v) By Lemma 2.3, the set Aut(F2) \ (A202.A42) is the set of elements of Aut(F2) that fix the
curve C and is therefore closed. U

REMARK 2.5. The Noether—Castelnuovo theorem states that Bir(P?) is generated by
Aut(P?) and o3 ([8], see also [2, Section 8]). Furthermore, we can write o3 = T1202T1209
where T12([z v : 2]) = ([y :  : 2]), hence the group Bir(P?) is also generated by Aut(P?) and
oa. Therefore, for any i = 0,2, the group Bir(IP?) is generated by its subgroups Aut(PP?) and
Aut(F;), and thus also generated by all three subgroups Aut(P?), Aut(Fy) and Aut(F5).

Note that Lemma 2.3 in particular implies that all elements of Aut(Fy) U Aut(F3) are linear
or quadratic.

DEFINITION 2.6. For a set S, let Fg be the free group generated by S.
For the set S := Aut(P?) U Aut(Fo) U Aut(Fs) C Bir(P?), define

fgh™t, if fg = h in Aut(P?)
®— F fgh=t, if fg = h in Aut(F)
T fgh=t, if fg=hin Aut(Fs) [’

T1303T71303

where 713 € Aut(P?) is given by 7y3: [z :y: 2] — [z:y: 2]

REMARK 2.7. The group & is isomorphic to the free product of the three groups
Aut(P?), Aut(Fz), Aut(F2) amalgamated along all the pairwise intersections (generalized
amalgamated product of the three groups) modulo the relation 7303 = o3713.

A geometric approach to generalized amalgamated products can be found in [13, 16, 17].
The generalized amalgamated product

fgh=t, if fg = h in Aut(Fy)

fgh=t, if fg = h in Aut(P?)
Fs /
fgh=t, if fg = h in Aut(Fs)

is in [17, Subsection 1.3] the colimit of the diagram

Aut(P?)
/ AO . Az\
Aut (FO) Aut(Fg) N Aut(Fg) Aut (FQ)
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Equivalently, it is the fundamental group of a 2-complex of groups. The vertices are Aut(PP?),
Aut(Fp), Aut(Fs), the edges are their pairwise intersection and the 2-simplex is the group
Aut(P?) N Aut(Fg) N Aut(F3) [13, Subsections 2.1 and 3.4, 16, 4.4].

REMARK 2.8. By Remark 2.5, there exists a canonical surjective homomorphism of groups
7 : & — Bir(P?)
and by definition of & a natural map
w: Aut(P?) U Aut(Fp) U Aut(Fy) — &

which sends an element to its corresponding word. Note that 7 o w is the identity map.

3. Base-points, multiplicities, de Jonquiéres

The methods we use mainly consist of studying linear systems of P? and their base-points.
In this section, we recall some definitions, notions and formulae which will be used almost
constantly in Section 4 and 5, which have the aim to prove Theorem B (Theorem 5.5).

DEFINITION 3.1. A point over P? is a point p € S, where S := S, 81 nst
So := P2 is a sequence of blow-ups, and where we identify p € S withp; € S; if ;41 vp: S —
S; is a local isomorphism around p sending p to p;.

A point p € S over P? is proper if it is equivalent to a point p’ € P?, and infinitely near
otherwise.

DEFINITION 3.2. Let f € Bir(P?) be a quadratic birational transformation, and call
p1, P2, p3 its base-points and ¢y, g2, g3 the base-points of f~!. We say that the base-points of
f are ordered consistently if the following holds: The base-points of f and of f~! are ordered
such that the following conditions are satisfied.

(i) If p1, p2,p3 are proper points of P2, then all the lines through p; (respectively, pa, p3)
are sent onto lines through ¢; (respectively, ga, g3).
(i) If p1, p2 are proper points of P? and pj is infinitely near to p;, then all the lines through
p1 (respectively, ps) are sent onto lines through ¢; (respectively, g2).
(iii) If p; is a proper point of P2, p, infinitely near p; and ps infinitely near py, then the
lines through p; are sent onto lines through ¢; and the exceptional curve associated to ps is
sent onto the tangent associated to g¢o.

REMARK 3.3. Writing down the blow-up diagram of the three quadratic involutions
01,02,03, we see that we can always order their base-points consistently (for example, for o3 the
ordering py =¢q1 =[1:0:0,p2 =¢2=[0:1:0],p3 =¢q3 =[0:0: 1] is consistent). Since any
quadratic birational transformation of P? can be written So;« for some suitable i € {1,2, 3},
a, B € Aut(P?) (Remark 2.2), it is always possible to order its base-points consistently.

Throughout the article, we will always assume that the base-points of a quadratic
transformation of P? are ordered consistently.

Let us remind the reader of the following formula: Let A be a linear system and f € Bir(P?)
be a quadratic transformation with base-points p1, p2, p3, and ¢1, g2, g3 the base-points of f~1.
Let a; be the multiplicity of A in p; and b; be the multiplicity of f(A) in g;. If the base-points
of f are ordered consistently, then

deg(f(A)) =2deg(A) —¢e, b; =deg(A) —e+a;
for i =1,2,3 and € = a1 + a2 + a3 (see [2, Subsection 4.2]).
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DEFINITION 3.4. We define
J := {f € Bir(IP?) : f preserves the pencil of lines through [1: 0 : 0]}.

The elements of J are called de Jonquieres transformations.
A linear system A of P? of degree deg(A) = d and with base-points py, ..., p, of multiplicity

ai,...,ay is called de Jonquiéres linear system if it has multiplicity d — 1 at [1:0:0] and
satisfies the conditions d*> —1=>"" a? and 3(d—1) =Y | a;.

We call a base-point of f a simple base-point if it is different from [1 : 0 : 0], and denote the
set of simple base-points by sBp(f).

REMARK 3.5. (1) We have the following inclusions: Aut(Fs) C J and Aut(Fo)° C J,
where Aut(Fp)° is the connected component of Aut(Fg) containing Id and which is
equal to (Ao A) U (ATri202712A4) U (Ao A) U A, where A= {a € Aut(P?) N Aut(F2) | a([1:
0:0])=1[1:0:0]} and 72 € Aut(P?) is given by 712: [z :y: 2] = [y : x : z] (Lemma 2.4).

(2) Any element of f € J\Aut(P?) of degree d has 2d — 1 base-points: the base-point [1 :
0 : 0] of multiplicity d — 1 and 2d — 2 other base-points of multiplicity one (this follows from
the conditions on the degree and multiplicities). Thus the definition of simple base-point of f
is quite natural. If f € J is of degree 2, then it has exactly three base-points, all of multiplicity
one. Its simple base-points are just the ones different from [1: 0 : 0].

(3) A de Jonquitres linear system of P? of degree d has 2d — 1 base-points and the
multiplicity at any base-point different from [1:0: 0] is one. Such a point is called a simple
base-point of A. Observe that, for f € J and A a de Jonquieres linear system, f(A) is a de
Jonquieres linear system, and the linear system of f is a de Jonquieres linear system.

LEMMA 3.6. For any quadratic de Jonquiéres transformation f € Bir(P?) there exist
ar,as € Aut(P2) N J, 7 € {01,092, T1202T12,03} C Aut(Fo) U Aut(Fy), where 715 € Aut(P?) is
given by To: [z :y: 2]~ [y:x: 2], such that f = asTay.

In particular, (Aut(P?) U Aut(Fo) U Aut(F2)) N J generates J.

Proof. By Remark 2.1, we can write f = apo;a; for some ap,as € Bir(P?) and i is
determined by the amount of proper base-points of f. Since f is de Jonquiéres, the point
[1:0:0]is a base-point of f.

If f has only one proper base-point in P2, then it has to be fixed by a; and a5, which belong
thus to J. This gives the result.

Suppose that f has exactly two proper base-points, namely [1 : 0 : 0] and p. This implies that
0; = 02, which has base-points [1:0:0],[0:1:0] and a third one, infinitely near [1:0:0].
The base-point of f which is not a proper point of P? is either infinitely near [1:0: 0] or p.
If it is infinitely near [1:0:0], then ag,as fix [1:0:0] and are therefore de Jonquieres. If
it is infinitely near p, then a; sends p onto [1:0:0] and [1:0:0] onto [0:1:0]. We write
ay = 71231, g = PBaTi2, for some (1, B2 € Aut(P?), which means that 3; fixes [1:0 : 0], that
iS, ,81 eJn Aut(}P’Q) and f = 52(7'120'27'12)51. Since f, ,31,7'120'27'12 S J, we have ,82 e J.

Suppose that f has three proper base-points. For any 6 € Aut(P?) that permutes the
coordinate x,y, z, we have 0030 = o3. Therefore, we can assume that oy € J. Since o3 is de
Jonquieres, the map s has to be de Jonquieres as well.

Since every element of J decomposes into quadratic elements of J (see [2, Theorem
8.4.3]), Lemma 3.6 implies that J is generated by (Aut(P?)U Aut(Fo)U Aut(F3))NJ
generates J . ]
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T 1([0:1:1]) = (03)%(p)

E10:1:0]

[1:0:0] =o3(p)

73
o [0:0:1]

[1:0:0] [0:1:0]
FIGURE 2. The points (03)*(p) and o3(p).

REMARK 3.7. Suppose A is a de Jonquieres linear system of degree d and f a quadratic de
Jonquieres transformation. We can say the following about the degree of f(A): Let p; = [1:0:
0], p2, p3 be the base-points of f and a; be the multiplicity of A in p;. Then a; = deg(A) — 1
and by the formula given above, we have

deg(f(A)) =2d—(d—1)—ay—az3 =d+1—ay — as.

Since A has one base-point of multiplicity d — 1 and all the other base-points are of multiplicity
1, we know that, for i = 2,3, a; is either zero or one. In fact, a; = 0 if p; is not a common base-
point of f and A, and a; =1 if p; is a common base-point of f and A. Thus the formula
implies
d+1 if f and A have no common simple base-points,
deg(f(A))=<d if f and A have exactly one common simple base-point,
d—1 if f and A have exactly two common simple base-points.

Furthermore, if p is a simple base-point of A that is not a base-point of f, then f®(p) (see
definition below) is a simple base-point of f(A) [2, Subsection 4.1].

DEFINITION 3.8. Let f € Bir(P?) and p be a point over the domain P? that is not a base-
point of f. Take a minimal resolution of f

S
v\
P2777i77>]?2

where v1, vy are sequences of blow-ups. Let p’ € S be a representative of p. We can see p’ as a
point over the range P2, and call it f*(p).

Let us look at an example to understand f®(p) and f(p):

ExXAMPLE 3.9. Consider the standard quadratic involution o3 € Bir(P?) and the point
p=1[0:1:1], which is on the line {x = 0} contracted by o3 onto the point [1: 0 : 0], which
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means that os(p) =[1:0:0]. The line L = {y = z} passing through p and [1:0:0] is sent
by o3 onto itself. By definition, (o3)®(p) is the point in the first neighbourhood of [1: 0 : 0]
corresponding to the tangent direction {y = z}. In conclusion, o3(p) is a proper point of P2,
whereas (03)®(p) is not. The following picture (Figure 2) illustrates the situation.

REMARK 3.10. Note that f® is a one-to-one correspondence between the sets

(P? U {infinitely near points}) \ {base-points of f} and
(P? U {infinitely near points}) \ {base-points of f~'}.

4. Basic relations in &

In this section, we present basic relations that hold in & and which will be the backbone of
the proof of Theorem A (Theorem 5.5). We prove relations for words in & of length three
using properties of the elements of Aut(Fy), Aut(Fy) and Aut(P?). (Lemmas 4.2-4.4.) They
will then be used in the next section to prove that there exists an injective map wy: J — &
such that 7 owy = Id (Lemma 5.1, Corollary 5.2), which will enable us to prove Theorem A
(Theorem 5.5) using the result that Bir(P?) is the amalgamated product of Aut(P?) and J
modulo one relation [4] (Theorem 5.3).

Lemmas 4.1 and 4.2 yield that words of length three in & whose image in Bir(IP?) is linear
or quadratic behave like their images in Bir(P?). Lemmas 4.3 and 4.4 yield relations for words
of length three whose image in Bir(P?) is de Jonquieres and of degree 3.

Define TAut(PP?) = D x S3, where S3 C Aut(P?) is the image of the permutation matrices of
GL3 and D is the image of the three-dimensional torus. We can check that the group TAut(P?)
is normalized by o3, and the automorphism of TAut(P?) given by the conjugation of o3 will
be denoted by ¢. Note that «(a) = a for a € S3 and ¢(d) = 6~ for § € D.

As subgroup of Aut(P?), we can embed TAut(P?) (as a set) into & by the word map w.
Lemma 4.1 shows that in & the image of TAut(P?) is normalized by w(o3):

LEMMA 4.1. For any (0,«) € D x S the relation w(da)w(o3) = w(og)w(t(der)) holds in &.

Proof. Let T2 :[x:y:z] = [y:z:z]. In Aut(FFy), the relation m1303712 = o3 holds, hence
the relation w(72)w(os) = w(os)w(72) holds in &. By definition, w(73)w(os) = w(os)w(73)
is a relation in &, and 73 and 712 generate S3. Therefore, the relation w(a)w(os) =
w(oz)w(a) = w(oz)w(t(a)) holds in & for any o € Ss.

Let 6 € D. The relation do3d = o3 holds in Aut(Fy), hence w(8)w(os) = w(oz)w(6~1) =
w(oz)w(e(d)) holds in &. O

Using Lemma 4.1, we now show that, for f,g,h € Aut(P?)U Aut(Fo) U Aut(F2) and
deg(fgh) < 2, the word w(f)w(g)w(h) behaves like the composition fgh.

LEMMA 4.2. Let g € Aut(P?),h, f € Aut(Fo) U Aut(Fs) such that deg(fgh) € {1,2}.
(i) Ifdeg(fgh) =1, then w(f)w(g)w(h) = w(fgh) in &.
(i) If deg(fgh) =2, then there exist «, € Aut(P?), g € Aut(Fo) U Aut(Fy) such that

w(f)w(g)w(h) = w(B)w(g)w(a) n &.
(iii) If deg(fgh) =2 and f,g,h € J, then «, 3,3 can be chosen to be in J.

Proof. Suppose that f € Aut(P?) or h € Aut(P?). The first claim follows from the definition

of . The second and third claim follow by putting 3 := fg or a = gh if deg(f)=1 or
deg(h) = 1, respectively.
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Assume that h € Aut(F;)\Aut(P?) and f € Aut(F;)\Aut(P?). Since Aut(Fy) is generated
by Aut(P?) N Aut(Fp) and 02,03 and Aut(Fs) is generated by Aut(P?) N Aut(F2) and oy, 09
(Lemma 2.3), we can write f = faoraz and h = B10;a; for some aq, 81 € Aut(F;) N Aut(P?),
az, B2 € Aut(F;)Aut(P?) and k,l € {1,2,3}. By replacing g with asgB; in Aut(P?), we can
assume that as = 1 = Id, and hence f = By04 and h = o;a;. It follows from Remark 2.2 that

the base-points of f are exactly the base-points of oy, (%)

the base-points of h~! are exactly the base-points of o;.

(i) Suppose that deg(fgh) = 1. Then f and (gh)~! have exactly the same base-points, which
are, respectively, the base-points of o, and the image of the base-points of g; by ¢g. In particular,
f, (gh)~1, and hence also o}, o; have the same amount of proper base-points in P2. Since o7,
02, 03 have exactly one, two and three proper base-points, it follows that o = 0.

If k € {1,2}, then the equation o} = 0y, the fact that f, (gh)~! have the same base-points
and (*) imply that g € Aut(Fz) N Aut(P?) and so f,g,h € Aut(Fz). The definition of & then
implies w(f)w(g)w(h) = w(fgh).

If k = 3, then the equation o}, = oy, the fact that f, (gh)~! have the same base-points and ()
imply that g permutes the base-points of 3. Lemma 4.1 states that w(g)w(os) = w(os)w(L(g)).
We get

w(f)w(g)w(h)

(B203)w(g)w(oz0)
(B2)w(oz)w(os)w(i(g))w(ar)
(B2)w(e(g))w(on) = w(B2e(g)on)
(B2o3gozar) = w(fgh).

I
€ & & E

(ii) Suppose deg(fgh) = 2, that is, f and (gh)~! have exactly two common base-points s, ¢,
at least one of them being proper. Assume that s is proper.

If ¢ is infinitely near to s, (%) implies that {k,} C {1,2}, that is, f,h € Aut(F3). Then (x)
and the fact that ¢ is infinitely near s imply that s =[1:0:0] and that ¢ lies on the strict
transform of {y = 0}. Then s,t are base-points of both A=! and (gh)~! and it follows that
g({s,t}) = {s,t}, thus g € Aut(F2). It follows that in Aut(F3) (hence also in &)

w(flw(g)w(h) = w(B2or)w(g)w(orar) = w(B2)w(orgor)w(aq).

Remark that any map contained in Aut(Fs) is de Jonquieres (Remark 3.5), from which claim
(iii) follows for this subcase.

If s and t are both proper, (x) implies that {k,l} C {2,3}, that is, f,h € Aut(Fy). Then (x)
yields that {s,t} C {[1:0:0],[0:1:0],[0:0:1]}. There exist a, 3 € TAut(P?) such that

a({1:0:01,[0:1:01}) =g~ ({s,1}), B({st})={[1:0:0],[0:1:0]}
Bga([1:0:0])=[1:0:0], Bga([0:1:0])=1[0:1:0].
If k =2, then we may choose g = 1Id. If [ = 2, then we may choose a = Id. We get
w(flw(glw(h) = w(Baor)w(B™w(Bw(g)w(a)w(a™ w(oar)

M (BB w(ow)w (Bga)w(onw(e(a” )

= w(Bat(B71))w(onBgac)w(t(e)ar).
The claim follows with a = (™ V)on, § = ok(Bga)or, 8 = B1e(B71). It remains to prove claim
(iii) for this subcase: If f, g, h are de Jonquieres, then ¢g([1:0:0]) =[1:0:0] and [1:0:0] is
a common base-point of gf and h~!. Choosing «, 8 above such that they fix [1:0: 0] (that
is, are de Jonquieres), it follows that g = Bga is de Jonquieres. The maps f and h being de

Jonquieres implies that g, B2 are de Jonquieres (Remark 3.5), hence t(a~1)ay, B1e(871) and
g are de Jonquieres. |
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The next two lemmata yield relations for words of length three whose image in Bir(IP?) is of
degree 3.

LEMMA 4.3. Let f € (Aut(Fo) U Aut(F2)) N J be a quadratic transformation, oy, ..., €
Aut(P?) N J such that

(i) f is a local isomorphism at the simple base-points gz, q3 of (aao3a)™1;
(ii) sBp(auoszaz) = {f(q2), f(g3)}-
Then

(i) the map (ayo3a3)f(agosay) is quadratic de Jonquiéres;
(i) sBp((auosas)f(azosar)) = ((azosar) ™) (sBp(f));
(iii) there exist 31,83 € Aut(P?)NJ and B3 € {02,053, 71202712} such that the following
equation holds in &:
w(ag)w(os)w(as)w(fw(az)w(os)w(on) = w(Bs)w(B2)w(B1);

that is, the following diagram corresponds to a relation in &:

P2- - - - > p?

A |
Q20307 | | ccao3x3
| \

2 . > P2
P B3B2P1 P

Proof. Define 71 := azosa; and 73 := ayozas, and denote by p; =[1:0:0],p2,p3 the
base-points of f and by pi,p2,ps the base-points of its inverse (ordered consistently, see
Definition 3.2).

Since f is a local isomorphism at ¢s, g3, the map f~! is a local isomorphism at f(g2), f(q3).
Hence there exist simple base-points p;, p; of f,f !, respectively, either proper points of P? or
infinitely near p;, which do not lie on the lines contracted by (71)~! and 7. Up to order, we
can assume that p; = po. Therefore, the points py := (17 1)*(p2) and py := (72)*(p2) are proper
points of P?.

Observe that the map 7> fm is de Jonquieres of degree 2 having base-points pi, P2, p3 :=
(7 1)*(p3) and its inverse having base-points py,pa, p3 := (72)*(p3). Indeed, the map fr; is of
degree 3 with base-points p1, P2, P3, G2, 3, Wwhere §o, Gz are the simple base-points of 71, and
its inverse having base-points p1, pa, ps, f(q2), f(g3). Thus 7o f7; is de Jonquieres of degree 2
with base-points p1, P2, p3 and its inverse having base-points p1, p2, p3 (by the formula given in
Section 3).

Since 75 f71 has at least one simple proper base-point (namely p3), Lemmas 3.6 and 2.2 imply
that there exist 51,,82 S Aut(PQ) N J and BQ € {0'2,0'3,7'120'27'12} such that T2f’7'1 = ,83,82,81.

It is left to prove that w(as)w(os)w(as)w(fw(az)w(os)w(ar) = w(Bs)w(P2)w(Fr) in &.
We will use Lemma 4.2, and for this we fill the diagram

P2——-——— > P2
A |
T1 | | T2
| N

2 - 2
F B3B2P1 ~P

with triangles corresponding to relations in &.

The map f is a local isomorphism at g2, g3, hence the three points p1, p2, ¢2 are not collinear.
Since moreover p1, g2 are both proper points of P2, there exists a quadratic map p € Bir(P?) N J
which has base-points p1, g2, p2. The maps pr; and pf~! are quadratic de Jonquieres maps with
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base-points p1, Ga, P2 and p1, pa, f(ga), respectively. It follows that also the map pr1(B38261) !
is quadratic. The situation is summarized in the following diagram, where all the arrows are
quadratic maps and the points in the brackets are the simple base-points of the corresponding
quadratic map contained in J:

]P)Q ____________ 2
A~ [p2.q2] [P2,f(g2)] 7 |
lazas) | P (a2 as))
! P - |
Ty | B P2 | T2
| - 7 ~ |
[G2,d3] | a2 7ﬁ2l - N :
|2 -7 B3B261 N
____________ > ]P)2
[P2,P3] [p2,p3]

Writing p = 737271 for some 71, v2,73 € (Aut(P?) U Aut(Fo) U Aut(F3)) N J, only v quadratic
(possible by Lemma 3.6), Lemma 4.2 implies that each triangle in the above diagram
corresponds to a relation in &, making the whole diagram correspond to a relation in &.

]

LEMMA 4.4. Let f,h € Aut(Fo) U Aut(Fs), g € Aut(P?), f,g,h € J, and let A be a de
Jonquieres linear system. Assume that

deg(fgh) =3, deg(fgh(A)) < deg(gh(A)), deg(A) < deg(gh(A))

and that (gh)(A) has a proper base-point different from [1 : 0 : 0]. Then there exist a1, ...,a7 €
(Aut(P?) U Aut(Fo) U Aut(Fa)) N J, aq, as, as, ar € Aut(P?), such that

(i) the following equation holds in &:
w(fw(glw(h) = wlar)---wla)

that is, the following diagram corresponds to a relation in &:

(gh)(a) _
(gh)™ ~~ T~
-~ -7 - T~ ES
AT fgn(A)
AN [e DY %1 _ - 7
AN _ /a7a6
X 504003
Oél()ég(A) ———————— > (5 Oél(A)

(ii) fori=2,...,7
deg(a;---a1(A)) < deg((gh)(A)).

Proof. The equality deg(fgh) =3 implies that f and (gh)~! have exactly one common
base-point, namely p; = [1:0:0]. Denote by sBp((gh)~!) = {p2,ps} and sBp(f) = {p4,ps}
the simple base-points of (gh)~! and f, respectively, and write d = deg(gh(A)).

By assumption, gh(A) is a de Jonquieres linear system that has a proper base-point s
different from p;. For any point r, let m(r) be the multiplicity of gh(A) in r, respectively. Then
m(p1) =d—1 and m(s) = 1 (Remark 3.5), and Remark 3.7 implies that because deg(A) < d
and deg(fgh(A)) < d, we have (up to ordering of po, ps3)

m(p2) =1, m(ps3) <1,
deg(fgh(A)) =d—1, m(ps) =m(ps) = 1.
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We will now construct aq, ..., ar.

Assume that s € {pa, p3,p4,p5}. If s € {p2,p3}, then we choose r € {p4,ps}. If s € {p4,p5},
then we choose r € {p; : i = 2,3 and m(p;) = 1}. We choose r to be infinitely near p; or a proper
point (this is always possible). The points p1, s, r are not aligned, because a; + m(s) + m(r) >
d, thus there exist p € Bir(P?) quadratic de Jonquiéres with base-points py, 7, s. The following
commutative diagram, where the points in the brackets are the base-points of the corresponding
map, summarizes the situation:

[p1,p2,p3) gh(‘A) (p1,P4,ps]
(gh)_l/ - /[pl,s,r} I p =~ \f

~ \ N

Using Remark 3.7, we obtain

deg(pgh) = deg(fp~') =2,
deg(pgh(A)) = d — 1 < deg(gh(A)).

We write p=~pd, pgh = azazsai, fp ! =asasas, where §,7v,a1, - ,ap € (Aut(P?)U
Aut(Fo) U Aut(F3)) N J, only p,as, a5 quadratic (Lemma 3.6). By Lemma 4.2, the above
diagram is generated by relations in &. Hence w(f)w(g)w(h) = w(ag) -+ w(aq) in &.

Assume s ¢ {p2, p3, pa, ps}; we choose r1 € {p; :i = 2,3 and m(p;) = 1}, ro € {p4,p5} such
that 7, (respectively, 7o) is either a proper point or infinitely near p; (this is always
possible). For i = 1,2, the points p;,s,r; are not collinear, because a; + m(s) + m(r;) > d.
Thus there exist py, po € Bir(P?) quadratic de Jonquieres with base-points p1, s, 71 and p1, s, 7o,
respectively. The following commutative diagram, where the brackets are the base-points of the
corresponding map, summarizes the situation:

gh(A)

[p1,p2,p3]- , U ~I[P1,P4,p5]
7 ~

e / \ ~

-1 T s/’r' \57’ > ~
(gh) P [Pl/ 1] [p1, ,\2] f
- s/ P1 P2 N\ >
_ e / AN ~
~ / \ > ~
L/ ¥ N\ A
A==>=pigh(A)————-—-—— - > pagh(A) — = = fgh(A)

Using Remark 3.7, we obtain

deg(prgh) = deg(pap; ') = deg(fp; ') =2,
deg(p1gh(A)) = d — 1 < deg(gh(A)),
deg(pagh(A)) = d — 1 < deg(gh(A)).

We write p1 =y1p181, p2 = Y202B2, pigh = azasan, papy " = agasoy, fp; " = agagar for
o1, ..., ag, B, B2, 71,72, P1s p2 € (Aut(P?) U Aut(Fo) U Aut(Fo)) NJ, only g, as,as, 1, f2
quadratic (Lemma 3.6). Lemma 4.2 implies that all triangles of the above diagram are generated
by relations in &, and thus w(f)w(g)w(h) = w(ag)---w(a;) in &. We obtain the maps «; in
the claim by merging neighbour automorphisms of P? in the product ag - - - . L]

5. The Cremona group is isomorphic to &

In this section, we prove Theorem B (Theorem 5.5). The main tool will be Lemma 5.1, which
yields the existence of an injective map wy: J — & such that 7 ow; = Id (Corollary 5.2)
and enables us to use the result (Theorem 5.3) of [4], that Bir(P?) is isomorphic to the
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amalgamated product of Aut(P?) and J along their intersection modulo one relation, for the
proof of Theorem B (Theorem 5.5).

LEMMA 5.1. Let fi,..., fn € (Aut(P?) U Aut(Fo) U Aut(F2)) N J such that f,--- fi = Id.
Then w(f,)---w(f1) =1d in &.

Proof. We can write w(fy,) - w(f1) = w(mt1)W(gm)w(amy,) -+ w(az)w(gr)w(ar), where
a; € Aut(P?) N J and g; € (Aut(Fo) U Aut(F2)) N J \ Aut(P?) as follows: We put g; := f; if f; is
quadratic, aj := f; if f; is linear. Then we proceed by putting o := o104 (w(ay) = w(ip104)
by Lemma 4.2). Proceeding like this, we will reach a word where no two consecutive letters
both have linear image in Bir(IP?). We then insert a;; = Id between any two consecutive letters
whose both image in Bir(P?) is quadratic.

We denote by Aq the linear system of lines in P? and define, for i = 1,...,m,

Aj = (0gi—1- - g101)(Ag)

which is the linear system of the map (a;g;—1---gi11)~!. We define d; := deg(4;), which is
also the degree of the map (a;g;_1---gi1) . Furthermore, we define

D :=max{d; |i=1,...,m}, N:=max{i|d; = D}.

If D =1, then it follows that m =1 and «; = Id. We can therefore assume that D > 1 and
prove the result by induction over the lexicographically ordered pair (D, N).

The induction step consists of finding dagy1,...,041 € Aut(P*)NJ and §i,...,0k €
(Aut(Fo) U Aut(F2)) N J \ Aut(P?) such that

w(gn+1)w(an+1)w(gn) = w(Grr1)w(ge) - - - w(gr)w(ér)

and such that the pair (D, N) associated to the product

Qmy19m - GN+2(QN 20k 11)Jk - G1(G1aN)gN -1+~ G101

is strictly smaller than (D, N).

We look at three cases, depending on the degree of gy 1an119n, and if the degree is 3, we
look at two subcases, the ‘good case’ and the ‘bad case’.

If deg(gniianiign) =1, then define Aut(P?) > & :=gyiianiigy. It follows from
Lemma 4.2 (1) that w(gn+1)w(an+1)w(gn) = w(@) in &. We replace gyriant+198 by @&,
which decreases (D, N). .

If deg(gn+1an+19n) = 2, then it follows from Lemma 4.2 (2),(3) that there exist &, €
Aut(P?) N J and g € (Aut(Fo) U Aut(F2)) N J \ Aut(P?) such that w(gnyi1)w(ans1)w(gn) =
w(B)w(g)w(a). We replace gnr1an+19n by 8ga, which decreases (D, N).

Finally, suppose that deg(gnt+1an+19n) = 3. By definition of N, we have

dN—1<D7 dN:D7 dN+1<D-
‘Good case’: If Ay has a proper simple base-point, then it follows from Lemma 4.4 (with

A = Ax_1) that there exist ai,...,a4 € Aut(P?)NJ, g1,792,93 € (Aut(Fo) U Aut(Fz)) N J
such that

w(gn+1)wlan+)w(gn) = w(dg)w(gs) - - w(dz)w(g)w(dr) in &
and
deg((@i41Gi -+ g1a1)(An—-1)) < deg(An) =D

fori=1,...,4. Replacing gn+1an+198 by @43 - - - 10y decreases (D, N).

‘Bad case’: Assume that Ax has no simple proper base-points. Without changing the pair
(D, N), we will replace the word w(am,+1)w(gm) - w(g1)w(ai) in & by an equivalent word
W(Am41)W(Gm) - - - w(g)w(dy) satisfying the ‘good case’.
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Choose two general points pg,qo in P? and write p; = (a2g101)(po), ¢1 = (2g11)(qo0)
and p; = (i119:)(Pi-1), ¢ = (i419:)(qi—1) for i = 2,...,m. Note that p,, = po and ¢,, = qo
because aun+1gm - - g1 = 1d.

For i =0,...,m, we denote by f3; € Aut(P?) an element sending [1:0:0], [0:1:0], [0:
0 : 1], respectively, onto [1: 0 : 0], p;,¢; (this is possible, because we took pg, gy general), and
write 7; := (;03(8;) "1, which is a quadratic de Jonquieres involution having base-points [1 : 0 :
0], pi, ¢;- We choose f,,, = 5y and then have 7,,, = 79.

By Lemma 4.3, the maps 71 (2g101) 7y 1 7:(gia;)7;_ ) are quadratic de Jonquieres and there
exist Yis 61 € Aut(]P’Q) N J, gz S {02,0'3,7'120'27'12} such that

w(Br)w(os)w(By M w(az)w(gr)wlar)w(Bo)w(os)w(By ) = w(d)w(gr)w(n),
w(B;)w(os)w(B; w(aip)w(g)w(Bi—1)w(os)w(Bi) = w(d:)w(g:)w(v;)
for i =1,...,m. We get the following diagram
Q2g101 3g2 . Qi4+19i o Am+19m
61G171 620272 o 0:9ii o Om GmYm

where each square in the diagram corresponds to a relation in &, making the whole diagram
correspond to a relation in &. Therefore, writing &; := §;v;—1 for i =2,...,m, Gme1 = O,
a1 := 71, the equality

w(mt1)w(gm) -+ wlgr)w(on) = w(@mir)w(Gm)w(dm) - - - w(d2)w(gr)w(dn)
holds in &. We replace pi19m - - g101 BY Qma1GmGm « - - Gag14.

For i=1,...,m, call A;:= (Q;gi—1 -+ G1601)(Ap), which is the linear system of the
map (&igi—1---g11)"Y, and denote by d; its degree. Using Remark 3.7, we get
deg(&;gi—1 - g1&1) = deg(aigi—1 - - - g11) for each 4, thus d; = d; for i = 1,...,m. Therefore,
the replacement does not change the pair (D, N), that is, (D, N) = (D, N).

It remains to show that &,+1§, - - §1& satisfies the ‘good case’, that is, that AN has a
simple proper base-point.

Since dy41 < D, it follows from Remark 3.7 that dyi41 =D — 1 and that all the base-
points of gy 1 are base-points of Apy. Since the base-points of 7 are general, it follows from
Remark 3.7 that each point in (7x)*(sBp(gn)) is a base-point of Ay. Lemma 4.3 states that
(tn)*(sBp(gn)) = sBp(gn), and gy € {02,053, T1202712} has a simple proper base-point. Hence
An has a simple proper base-point. L]

COROLLARY 5.2. Let ai,...,an,B1,- -, Bm € Aut(P?) U Aut(Fo) U Aut(Fz) de Jonquiéres
such that o, - -1 = By, -+ - f1. Then

w(ay) - wlar) = w(Bm) - -w(Bi).

In particular, there exists a homomorphism wjy: J — & which sends «.,---a; onto
w(ay,) - w(aq) and mowy = 1d, that is, wy is injective.

Proof. The claim follows from applying Lemma 5.1 to 51_1 Bt e an. L]

PROPOSITION 5.3 [4]. The group Bir(IP?) is isomorphic to

(Aut(P?) *pup2)ng J)/(T1203T1203),

the amalgamated product of Aut(IP?) and J along their intersection and divided by the relation
T1203 = 03T12, where To([x 1y : 2]) = [y : x : 2].
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REMARK 5.4. In Bir(P?), the three relations

(l) T1203T1203 = Id,
(11) 7130371303 — Id,
(111) T23037T2303 — Id

hold. Choosing two of them, the remaining relation of the three is generated by the chosen
two. Relation (iii) is a relation holding in J. Thus it suffices to impose relation (i) or (ii) in
Theorem 5.3.

Since 79,03 € Aut(Fy), relation (i) holds in Aut(Fy), so in particular it holds in the
generalized amalgamated product of Aut(PP?), Aut(FFy), Aut(FF2) along all their pairwise inter-
sections. It is a priori not clear whether or not one of the relations (ii), (iii) holds in
the generalized amalgamated product of Aut(P?), Aut(Fy), Aut(FF2) along all their pairwise
intersections because it is not clear whether or not J embeds into it or not. Therefore, we need
to impose one of the relations (ii) or (iii).

THEOREM 5.5 (Theorem B). The group Bir(P?) is isomorphic to ®, the generalized
amalgamated product of Aut(PP?), Aut(Fy), Aut(Fy) along all the pairwise intersections modulo
the relation 130371303, where Tis([z 1y : z]) = [z : y : z].

Proof. By Corollary 5.2, there exists wy: J — & such that 7 ow; = Id, and w and wy
coincide on Aut(P?) N J. Thus the following diagram commutes:

w .y
B<—""—"7-—

Aut(P?) <—Aut(P?) N J

where ¢,1; are the canonical inclusion maps. The universal property of the amalgamated
product implies the existence of a unique homomorphism ¢ : Aut(P?) x Aut(P2)ns J — & such
that the following diagram commutes:

@ B
¥ ws
3!

Aut(P?) #pui(p2yng J <———J

Aut(P?) <—L>Aut(1£2) nJ

By Proposition 5.3, Bir(P?) is isomorphic to Aut(P?) * Aut(p2)ns J modulo the relation o372 =
T1203, where Tio([x :y: z]) =[y:x: z]. Since 712,03 € Aut(Fy), the relation o372 = 11203
also holds in Aut(Fy), and hence in &. Thus, the homomorphism ¢ induces a homomor-
phism @ : (Aut(P?) puep2)ny J)/(03T1203712) — &. By construction, ¢ and the canonical
homomorphism 7 : & — Bir(P?) are inverse to each other. O

6. The Cremona group is compactly presented

In this section, we restrict to case k = C and show that Bir(IP?) is compactly presented using
Theorem 5.5 (Theorem B).

Being compactly presented is a notion reserved for Hausdorff topological groups and we
consider Bir(P?) endowed with the Euclidean topology as constructed in [5, Section 5], which
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makes Bir(P?) a Hausdorff topological group [5, Theorem 3|, which is not locally compact
[5, Lemma 5.15].

DEFINITION 6.1. Let G be a group.

(i) A presentation (S | R) of G is a triple made up of a set S, an epimorphism 7 : Fs - G
of the free group on S onto G, a subset R of Fs generating ker(7) as a normal subgroup. The
relations of the presentation are the elements of ker(7) and the elements of R the relators (or
generating relations) of the presentation.

(ii) A bounded presentation of G is a presentation (S | R) of G with R a set of relators of
bounded length.

(iii) Let G be a Hausdorff topological group. A compact presentation of G is a presentation
(S| R) of G with S a compact subset of G and R a set of relators of bounded length. We say
that G is compactly presented by S if G is given by a compact presentation (S | R). We also
say that GG is compactly presented if G is compactly presented by some subset.

LEMMA 6.2. (i) Let G be a group and Sy, Sy C G be generating subsets. If S7* ¢ S§ < SJ
for some m,n,m’ € N, then G is boundedly presented by Sy if and only if it is boundedly
presented by Ss.

(ii) Any connected topological group is generated by any neighbourhood of 1.

(iii) If G is a locally compact Hausdorff topological group having only finitely many
connected components, then it is compactly presented.

(iv) If G is a locally compact Hausdorff topological group that is compactly presented, then
it is compactly presented by all its compact generating subsets.

(v) Let G be a locally compact topological group with finitely many connected components
Gy, ..., Gy, where 1 € Gy. For each i choose some g; € G such that G; = g;Gy. Then G is
generated by any compact neighbourhood of 1 and ¢, ..., g,. In particular, it is compactly
presented by any compact neighbourhood of 1 and g1,...,gn.

Proof. (i) is proved in the forthcoming paper ‘Metric geometry of locally compact groups’,
by de Cornulier and de la Harpe (http://www.normalesup.org/cornulier/MetricLC.pdf),
Lemma 7.A.9) and [9, Lemma 2.6] and (iii) in [1, Satz 3.2] (see also the forthcoming
paper ‘Metric geometry of locally compact groups’, by de Cornulier and de la Harpe
(http://www.normalesup.org/cornulier/MetricL.C.pdf), Subsection 8.A).

(ii) Let U C G be an open neighbourhood of 1. Then the subgroup H of G generated by U is
open because H = (J, . RU. It is also closed because G\ H = UgeG\H gH, which is an open
set.

(iii) If G is compactly generated by a compact set S and K C G is a compact set, then
K C 8™ for some large n. This follows from the fact that any locally compact topological
group is a Baire space and that S is compact. The claim now follows from (i).

(iv) Let K C Gy be a compact neighbourhood of 1. By (ii), K generates Gy, and thus the
compact set K U{g1,...,9n} generates G. By (iii) and (iv), the locally compact group G is
compactly presented by K U {g1,...,9n}- O

REMARK 6.3. Any irreducible algebraic variety over C is connected with respect to the
Euclidean topology [12, Chapter XII, Proposition 2.4]. Any linear algebraic subgroup of Bir(IP?)
has finitely many irreducible components in the Zariski topology, which are exactly the cosets of
the component containing 1. Thus they are the connected components in the Zariski topology,
and hence also the connected components in the Euclidean topology.
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Furthermore, any linear algebraic subgroup of Bir(P?) is a closed subset of Bir(P?)¢, for
some d € N (see [5, Lemma 2.19]), which is a locally compact set [5, Lemma 5.4]. Hence any
linear algebraic subgroup of Bir(IP?) is locally compact and therefore satisfies the conditions of
Lemma 6.2(v).

REMARK 6.4. Any algebraic subgroup of Bir(P?) is a linear algebraic group [3, Théoreme 2].
The Euclidean topology on these groups is exactly the topology inherited from the Euclidean
topology on Bir(P?) (see [5, Proposition 5.11]).

The groups Aut(P?) = PGL3(C), Aut(Fy) and Aut(Fy) are linear algebraic subgroups of
Bir(P?) (Lemma 2.4), and thus locally compact by Remark 6.3.

COROLLARY 6.5. (i) The group Aut(P?) is compactly presented by any compact neigh-
bourhood of 1.

(i) The group Aut(Fy) is compactly presented by the union of the linear map
Tig: [z :y: 2] = [y:x: 2] and any compact neighbourhood of 1.

(iii) The group Aut(Fy) is compactly presented by any compact neighbourhood of 1.

Proof. The groups Aut(P?), Aut(Fy), Aut(FFy) are linear algebraic groups and locally
compact by Remark 6.4.

The group Aut(P?) = PGL3(k) is irreducible, hence connected (Remark 6.3), and the group
Aut(Fs) is connected by Lemma 2.4(iii). By Lemma 2.4(ii), the group Aut(F) has two
connected components, namely Aut(Fg)® containing the identity element and 712 Aut(Fg)°.
The claim now follows from Remark 6.3 and Proposition 6.2(v). O

Using Corollary 6.5 and the fact that Bir(IP?) is isomorphic to the generalized amalgamated
product of Aut(PP?), Aut(Fg), Aut(FF3) along their pairwise intersection divided by one relation
(Theorem 5.5), we prove that Bir(IP?) is compactly presentable.

LEMMA 6.6. Let G be a group, n > 2 be an integer and G1,...,G, C G be subgroups of
G such that the following hold.

(i) The group G admits the presentation G = (|J;_, G; | R¢), where R¢ is the set of all
relators of the form ab = ¢, where a,b,c € G; for some i € {1,...,n}.

(ii) For i =1,...,n, there exists a presentation (K; | R;) of G; such that, for any subset
I C{1,...,n}, the set (,.; K; generates (;c; Gi.

Then, G admits the presentation G = (J;_, K; | U}, Ri)-

Proof. Denote by Fg the free group generated by (J;_, G; and by Fg the free group
generated by K = |J;_, K;; we view Fg as a subgroup of Fg.

The natural group homomorphism 7: Fx — G is surjective, because G is generated by
U, G; and each G; is generated by K;. Moreover, each set of relators R; corresponds to
a subset of ker(m). It remains to see that ker 7 is contained in the normal subgroup generated
by Ui—y Ri.

We take an element in ker(7), which in Fk is a word

W = 8182 *Sm

such that each s; belongs to K and s;---s,, =1 in G. Because G admits the presentation
G = (U, Gi| Rg), we can write w in Fg as a product

w = alrlaflagrgagl e amal_l,
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where all the a;,r; are elements of Fg and r; € Rg, which means by definition of Rg that
ri = a;b;c; for a;, by, ¢; € Gjj(;), that is, each 7; is a word in elements of G ;).

The word w is equal in Fg to a reduced word, whose letters are elements of K because
w € Fi. Hence, each g = U?:l G; \ K which appears in the word alrlal_l “ee amal_l disappears
after the reduction. We can thus replace each occurrence of g with any chosen element of Fg
and do not change the value of the word. We do this in the following way: if g € G; \ K;, then
we replace then g with a word with letters in K;, which belongs to 7= (m(g)) (this is possible
since K; generates G;). If g belongs to more than one of the G;, then we can moreover assume
that the letters of the word also belong to these K;, because of the second hypothesis.

After this replacement, we obtain an equality in F

1+ Sy = bty Thatoby ' bytyby

where each t; is a word with letters in Kj;), such that m(¢;) = 1. For each i = 1,...,n denote
by Fi, the free group generated by K; and by ; : Fx, — G; the natural group homomorphism
onto G; whose kernel is generated by R;. We consider Fg, as a subgroup of Fg, which
means that m; = 7|p, , and hence ker(m;) = ker(m) N Fi,. Therefore, m;(¢;) = 1, and thus ¢
is a product of conjugates of R;(;). This yields the result. O

COROLLARY 6.7. Let K C Aut(P?), Ko C Aut(Fy), K2 C Aut(F2) be compact neighbour-
hoods of 1 in the respective groups. Then Bir(P?) is compactly presented by K U KgU
K2 U {7’12}.

Proof. Lemma 6.6 yields that the union of any compact generating sets of Aut(PP?), Aut(Fy),
Aut(F2) giving a compact presentation of the respective groups yields a compact presentation
of &, the generalized amalgamated product of Aut(P?), Aut(Fy), Aut(Fz) along their pairwise
intersection divided by one relation. Such compact generating sets are given by Corollary 6.5:
Any compact neighbourhood of 1 of the groups Aut(P?) and Aut(F3), respectively, and the
union of 715 and any compact neighbourhood of 1 in Aut(Fy). Since Bir(P?) and & are
isomorphic (Theorem 5.5), the claim follows. U

COROLLARY 6.8. Let K C Aut(P?), Ko C Aut(Fy), K2 C Aut(F3) be compact neighbour-
hoods of 1 in the respective groups. Then Bir(IP?) is compactly presented by K U Ko U K.

Proof. 'We define S1 := K U Ky U Ky and Sy := K U Ko U K3 U {112}. The set Sy generates
Bir(P?) by Corollary 6.7. The set K generates Aut(P?) (Corollary 6.5), hence there exists n € N
such that 75 € K". It follows that also S5 generates Bir(IP’2) and moreover that S; C Sy C
(S1)". The claim now follows from Lemma 6.2(i) and Corollary 6.7. O

Lemma 6.2(i) and Corollary 6.8 imply that to prove Theorem A (Corollary 6.10), we
only need to check that, for any compact neighbourhood K C Aut(P?) of 1, there exist
K; C Aut(F;), i = 0,2, compact neighbourhoods of 1 and integers m,m’,n € N such that
(K U{o3})™ C (KUKoUK)" C (KU/{o3})™.

LEMMA 6.9. Let K C Aut(P?) be a compact neighbourhood of 1. Then there exists N € N
such that (K U {o3})"V contains compact neighbourhoods of 1 in Aut(F;) for i = 0, 2.

Proof. Let Ag = Aut(Fo)® N Aut(P?) and A; = Aut(F3) N Aut(PP?), which are connected
algebraic subgroups of Aut(Fy) and Aut(F3), respectively (Lemma 2.4). For i =0,2, the
set K; = KNA; is a compact neighbourhood of 1 in A;. Corollary 6.5 implies that A; =
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Unpen(K3)" for i = 0,2. It follows that
AposAg = U (Ko)n0'3(K0)n, Asoa Ay = U (K2)n0’2(K2)n-

neN neN
The sets AgosAp and As02.45 are Zariski-open subsets of Aut(Fy) and Aut(Fs), respectively
(Lemma 2.4), and are thus locally compact, and hence Baire spaces. There exists then some
m € N such that (Kg)™o3(Kp)™ and (K2)™0o2(K3)™ have non-empty interior in Agos.Ag and
A2 Az, and thus in Aut(Fy) and Aut(Fy), respectively.

Since (K;)™o;(K;)™ C (K;U{o;})*™! the sets (KoU {03})>"*! and (KU {g2})*™*!
also have non-empty interior in Aut(Fy) and Aut(Fs), respectively. Since (K;)~! C K™ for
some big m; and (¢;)~! = o}, the sets (Ko U {o3})™ and (K5 U {o2})™ are neighbourhoods of
1 in the corresponding groups for some m’ big enough. Since Bir(P?) is generated by K U {03}
(by the Noether-Castelnuovo theorem), we find m/” such that oy € (K U {o3})™ . A suitable
power of K U {3} contains thus (Ko U {o3})™ and (K U {o9})™ . O

COROLLARY 6.10 (Theorem A). Let K C Aut(P?) be a compact neighbourhood of 1. Then
Bir(P?) is compactly presented by K U {o3}.

Proof.  According to Lemma 6.9, there exist N € N and compact neighbourhoods Ky, Ko
of 1 in Aut(Fy) and Aut(Fy), respectively, such that (K U {o3})" contains Ko U Ko.

We define S; := K U {03} and Sy := K U Ky U K». Because o3 € Aut(Fy)? and Aut(Fg)°
is compactly generated by Ky (Lemma 6.2(ii)), there exists M € N such that o3 € (Ko)M.
It follows that Sy C (S2)M. Since So C (S1)V, we have S; C (S2)™ C (S1)M¥N. The group
Bir(PP?) being compactly presented by Sy (Corollary 6.8), it is also compactly presented by S;
(Lemma 6.2(1)). O

Acknowledgements. The author would like to thank Jérémy Blanc, Yves de Cornulier and
Pierre de la Harpe for interesting and helpful discussions.

References

1. H. ABELs, ‘Kompakt definierbare topologische Gruppen’, Math. Ann. 197 (1972) 221-233.

2. M. ALBERICH-CARRAMI-ANA, Geometry of the plane Cremona maps (Springer, Berlin, 2002).

3. J. BLANC, ‘Sous-groupes Algébriques du Groupe de Cremona’, Transform. Groups 14 (2009) 249-285.

4. J. BLANC, ‘Simple relations in the Cremona group’, Proc. Amer. Math. Soc. 140 (2012) 1495-1500.

5. J. BLANC and J.-P. FURTER, ‘Topologies and structures of the Cremona groups’, Ann. of Math. 178 (2013)
1173-1198.

6. S. CANTAT, ‘Sur les groupes de transformations birationnelles des surfaces’, Ann. of Math. (2) 174 (2011)
299-340.

7. S. CANTAT, ‘The Cremona group in two variables’, Proceedings of the Sixth FEuropean Congress of
Mathematics (European Mathematical Society, Ziirich, 2013) 211-225.

8. G. CASTELNUOVO, ‘Le trasformazioni generatrici del gruppo cremoniano nel piano’, Atti Accad. Sci. Torino
36 (1901) 861-874.

9. Y. DE CORNULIER, ‘Compactly presented groups’, 2010, arXiv:1003.3959.

10. J. DESERTI, ‘Some properties of the Cremona group’, Ensaios mateméticos, vol. 21 (Sociedade Brasileira
de Matematica, Rio de Janeiro, 2012) 1-188.

11. M. KH. GIZATULLIN, ‘Defining relations for the Cremona group of the plane’, Izv. Akad. Nauk SSSR Ser.
Mat. 46 (1982) 909-970; English transl. in Math. USSR Izv. 21 (1983).

12. A. GROTHENDIECK and M. RAYNAUD, Revétements étales et groupe fondamental: Séminaire de géométrie
algébrique du Bois-Marie 1960-1961 (SGA 1), Lecture Notes in Mathematics 224 (Springer, Berlin, 1971)
1-447.

13. A. HAEFLIGER, ‘Complexes of groups and orbihedra’, Group theory from a geometrical viewpoint (Trieste,
1990) (World Sci. Publishing, River Edge, NJ, 1991) 504-540.

14. V. A. IsKOVSKIKH, ‘Proof of a theorem on relations in a two-dimensional Cremona group’, Uspekhi Mat.
Nauk 40 (1985) 255-256. English transl. in Russian Math. Surveys 40 (1985) 231-232.

15. J.-P. SERRE, Le groupe de Cremona et ses sous-groupes fini, Séminaire BOURBAKO, 61éme année, 2008—
2009, no. 1000.

50



46 COMPACT PRESENTATION OF THE CREMONA GROUP

16. J.-P. SERRE, Arbres, amalgames, SLa, Astérisque 46 (Société Mathématique de France, Paris, 1977) 1-144.

17. J. R. STALLINGS, ‘Non-positively curves triangles of groups’, Group theory from a geometrical viewpoint
(Trieste, 1990) (World Sci. Publishing, River Edge, NJ, 1991) 491-503.

18. D. WRIGHT, ‘T'wo-dimensional Cremona groups acting on simplicial complexes’, Trans. Amer. Math. Soc.
331 (1992) 281-300.

Susanna Zimmermann
Mathematisches Institut
Universitat Basel
Spiegelgasse 1

4051 Basel

Switzerland

susanna.zimmermannQunibas.ch

51



THE ABELIANISATION OF THE REAL CREMONA GROUP
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ABSTRACT. We present the Abelianisation of the birational transformations of ]P’%&. Its kernel is equal
to the normal subgroup generated by PGL3(R), and contains all elements of degree < 4. The descrip-
tion of the quotient yields the existence of normal subgroups of index 2™ for any n and implies that
any normal subgroup generated by a countable set of elements is a proper subgroup. This also holds
for the group of birational diffeomorphisms respectively of PD%, AD% and the sphere.

CONTENTS
1. Introduction 1
2. Basic notions 3
3. A quotient of 7, 5
3.1. The group J, 6
3.2.  The quotient 9
3.3.  Construction of quotient using the spinor norm 11
4. A quotient of Birg(PP?) 12
5. The kernel of the quotient 17
5.1. Geometry between cubic and quintic transformations 17
5.2. The normal subgroup generated by Autg(P?) 19
5.3. The kernel is equal to ((Autg(P?))) 20
6. Presentation of Birg(P?) by generating sets and relations 22
References 32

1. INTRODUCTION

Let Birg(P?) C Birc(P?) be the groups of birational transformations of the projective plane de-
fined over the respective fields of real and complex numbers, and Autg(P?) ~ PGL3(R), Autc(P?) ~
PGL3(C) the respective subgroups of linear transformations.

According to the Noether-Castelnuovo Theorem [Cas1901], the group Birc(P?) is generated by
Autc(P?) and the standard quadratic transformation og: [z : y : 2] --» [yz : w2z : xy]. As an abstract
group, it is not simple [CL2013], i.e. there exist non-trivial, proper normal subgroups N C Bir(P?).
However, all such groups have uncountable index (see Remark 4.12) and the isomorphism class of
the corresponding quotients Birc(P?)/N is quite complicated (essentially as complicated as Birc(P?)
itself). Moreover, the normal subgroup generated by any non-trivial element which preserves a pencil
of lines or which has degree d < 4 is the whole group (see [Giz1994, Lemma 2] and Lemma 4.13) and
the group is perfect [CD2013], which means that Birc(IP?) is equal to its commutator subgroup.

As we will show, the situation for the group Birg(P?) is quite different. First of all, the group
generated by Autg(P?) = PGL3(R) and oy is certainly not the whole group, as all its elements have
only real base-points. This is not the case for Birg(IP?); for instance the quadratic involution oy : [z :
y: 2] --» [wz : yz : 22 + y?] has non-real base-points. The group Birg(P?) however is generated by
PGL3(R), 0¢, 01, and by a family of transformations of degree 5 [BM2012]. We will show that this set

2010 Mathematics Subject Classification. 14EQ7; 14P99.
The author gratefully acknowledges support by the Swiss National Science Foundation Grant “Birational geometry”
PP00P2.153026 /1.
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is not far from being a minimal set of generators. In particular, we obtain the following result, similar
to the case of Bir(P"*), n > 3 [Pan1999].

Theorem 1.1. The group Birg(P?) is not generated by Autg(P?) and a countable set of elements.

The proof consists in finding explicit generators and relations for the group (see Proposition 2.9).
This description also allows to construct a natural quotient, and gives our main result:

Theorem 1.2. The group Birg(P?) is not perfect: its Abelianisation is isomorphic to

Birg (P?)/[Birg (P?), Birg (P?)] @Z/zz

Moreover, the commutator subgroup [Birg (P?), Birg (P?)] is the normal subgroup generated by Autg (P?) =
PGL3(R), and contains all elements of Birg (P?) of degree < 4.

Corollary 1.3. The sequence of iterated commutator subgroups of Birg(P?) is stationary. More pre-
cisely: Let H := [Birg(P?), Birg(P?)]. Then [H,H] = H.

Let X be a real variety. We denote by X (R) its set of real points of and by Aut(X(R)) C Bir(X)
the subgroup of birational transformations defined at each point of X (R). It is also called the group
of birational diffeomorphisms of X, and is, in general, strictly larger than the group of automorphisms
Autg(X) of X defined over R. The group Aut(P?(R)) is generated by Autg(P?) and the standard
quintic transformations (see Definition 2.2) [RV2005, BM2012]. Until now no similar result has been
found for Aut(A2(R)).

In the following, let P3 D Q31 = {[y:z:y:2] € P3| 2?2 + % + 22 = w?}.

Corollary 1.4. The statement in Theorem 1.1 also holds for Aut(P?(R)), Aut(A?(R)) and Aut(Q31(R)),
replacing Autg(P?) for the latter two by Autg(A?), Autr(Qs 1) respectively..

Corollary 1.5. There exist surjective group homomorphisms

Aut(P%(R)) — @Z/zz Aut(A%(R)) — @2/22 Aut(Q3,1(R)) — @Z/QZ

Corollary 1.6. For any real birational map 1: Fo --» P2, the group v Aut(Fo(R))y ! is a subgroup
of ker(¢).

Corollary 1.7. For any n € N there is a normal subgroup of Birg(P?) of index 2™ containing all
elements of degree < 4.
The same statement holds for Aut(P?(R)), Aut(A%(R)) and Aut(Qs1(R)).

Corollary 1.8. The normal subgroup of Birg(IP?) generated by any countable set of elements of
Birg(P?) is a proper subgroup of Birg (P?).
The same statement holds for Aut(P?(R)), Aut(A?(R)) and Aut(Qs1(R)).

The plan of the article is as follows: After giving the basic definitions and notations in Section 2, we
define in Section 3 a surjective group homomorphism from the subgroup J, C Birg(P?) of elements
preserving a pencil of conics to the group @y Z/2Z. In Section 4, we extend the homomorphism to a
surjective group homomorphism Birg (P?) — @y Z/2Z and give Theorem 1.1, Corollary 1.7 and Corol-
lary 1.5. In Section 5, we proof that its kernel is the normal subgroup generated by Autg(P?), which
will turn out to be commutator subgroup of Birg(P?). We will finally be able to prove Theorem 1.2.

In the proof of the main theorems we use a technical proposition (Proposition 2.9) that gives an
explicit representation of Birg(P?) by generators and relations, and which is independent of all the
other results. Its proof is quite long and rather technical, so we devote the whole last section (Section 6)
to proving it.

In [Pol2015] one can find another description of the group Birg(P?), or rather, more specifically, a
description of the elementary links between real rational surfaces and relations between them. However,
this description was not used in the proof of Proposition 2.9.
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2. BASIC NOTIONS

We now give some basic notations and definitions. Throughout the article, every variety and rational
map is defined over R, unless stated otherwise.

Definition 2.1. We define two rational fibrations

e P2 -5 P!
[:y:z]—ly: 2]
To: P? -—» P!

[z:y:z] = [P+ (e +2)° P + (2 — 2)7)

whose fibres are respectively the lines through [1 : 0 : 0] and the conics through py :=[1: ¢ : 0], ps :=
[0:1:4], and their conjugates p1 = [1: —i:0],po =[0:1: —i].
We define by ., J, the subgroups of BirR(IP’Q) preserving the fibrations 7, 7,:

J. = {f € Birg(P?) | 3f € Autr(P?): fr. = m.f}
Jo = {f € Birg(P?) | 3f € Autg(P?): fro = 7o f}

Extending the scalars to C, the analogues of these groups are conjugate in Birc(P?) and are called
de Jonquieres groups. In Bir]R(]P’z)7 the groups J,, J. are not conjugate. This can, for instance, be seen
as consequence of Proposition 4.3 (see Remark 4.11).

Definition 2.2. We define a type of real birational transformation called standard quintic tranforma-
tion.

Let q1,q1,q2, @2, g3, D3 € P? be three pairs of non-real conjugate points of P2, not lying on the same
conic. Denote by 7: X — P? the blow-up of these points. The strict transforms of the six conics
passing through exactly five of the six points are three pairs of non-real conjugate (—1)-curves. Their
contraction yields a birational morphism 7: X — P? which contracts the curves onto three pairs of
non-real points r1i, 71,72, 72,73, 73 € P2. We choose the order so that r; is the image of the conic not
passing through ¢;. The birational map nm—1: P? --s P2 is contained in Birg(PP?), is of degree 5 and is
called standard quintic transformation.

Lemma 2.3. Let § € Birg(P?) be a standard quintic transformation. Then:

(1) The points q1,G1,q2, G2, g3, @3 are the base-points of 0 and ri,71,r2, T2, 13,73 are the base-points
of 071, and they are all of multiplicity 2.

(2) Fori,j=1,2,3,1%# j, 0 sends the pencil of conics through ¢;, G;, g5, q; onto the pencil of conics
through r4,7;,7,7;.

(3) We have 6 € Aut(P?(R)).

Proof. (1), (2) Let L C P? be a general line. The strict transform of L on X by 7! has self-intersection
1 and intersects the six curves contracted by 7 in 2 points. The image 6(L) then has six singular points
of multiplicity 2 and self-intersection 25. It is thus a quintic passing through the r; with multiplicity 2.
Therefore, the linear system of ! consists of quintics in P? having multiplicity 2 at ry, 71, ra, 2, r3, 73.
The construction of =1 being symmetric to the one of 6, the linear system of  consists of quintics
having multiplicity 2 at q1, ¢1, g2, @2, 93, G3-

(3) This is shown by simply calculating the degree of the images of the conics and their multiplicities
in the base-points.

(4) The birational morphisms 7, 7 induce bijections X (R) — P2(R) and hence #,6~! are defined on
each point of P%(R). O
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The family of standard quintic transformations plays an important role in Birg(PP?): Let
oo: [x:y:z] -+ [yz : 2z : xy]
o1 [x iy 2] - [xz i yz a4 y?)

Theorem 2.4 ([RV2005],[BM2012]). The group Birg(P?) is generated by oo,01, Autg(P?) and the
infinite family of standard quintic transformations.

Lemma 2.5. For any standard quintic transformation 6 there exists o, 8 € Autg(P?) such that B0a €

To

Proof. For any two non-collinear non-real pairs of conjugate points there exists a € Autg(P?) that sends
the two pairs onto p; :=[1:¢: 0], pa := [0:1: 4] and their conjugates p; = [1: —i: 0],p2 = [0:1: —i].
Let 6 be a standard quintic transformation. Then there exists o, 3 € Autg(P?) that send qi,qo
(resp. 71,72) onto py, pa. The transformation B0a~! preserves the pencil of conics through py, pi, p2, P2
(Lemma 2.3) and is thus contained in 7. O

Corollary 2.6. The group Birg(P?) is generated by Autg(P?), J., Jo

Proof. By Theorem 2.4 and Lemma 2.5, Birg(P?) is generated by Autgr(P?), 09,01 and the family
of standard quintic transformations contained in J,. Observing that og € J., 01 € Jo, the claim
follows. O

Using these generating groups, we can give a representation of Birg (P?) in terms of generating sets
and relations:

Define S := Autg(P?) U J, U J, and let Fs be the free group generated by S. Let w: S — Fg be
the canonical word map.

Definition 2.7. We denote by G be the following group:

w(flw(g)w(h), f,9,h € Autg(P?), fgh =1 in Autg(P?)
Fs/ w(f)w(g)w(h), fr9.h € J., fgh=1in J,
w(f)w(g)w(h), fo9.h € o, fgh=1in T,

the relations in the list below
(1) Let 01,02 € J, be standard quintic transformations and oy, ag € Autg(P?).
w(az)w(@)w(ar) =w(fz) in G if asbhag = 0s.
(2) Let 71,72 € J« UJ, both of degree 2 or of degree 3 and g, ap € Autg(P?).
w(m)w(on) = w(az)w(m) in G if 7o = asm.

(3) Let 71,72, 73 € J, all of degree 2, or 71,72 of degree 2 and 73 of degree 3, and a1, a9, a3 €
Autg (P?).
w(m)w(a)w(m) = wlaz)w(ms)w(az) in G if ma1T = asTsas.
Remark 2.8. Note that the group G is isomorphic to the quotient of the generalised amalgamated
product of Autg(P?), J., Jo along all intersections by the relations in the above list.
Since Birg(P?) is generated by Autg(P?), J., J» (Corollary 2.6), there exists a natural surjective

group homomorphism Fg — Birg(P?) which gives rise to a group homomorphism G — Birg(PP?), since
all relations above hold in Birg(P?).

Proposition 2.9. The natural surjective group homormophism G — Birg(P?) is an isomorphism.

The proof of Proposition 2.9 is quite long and technical, and we therefore prefer to present it in
the last section. The proposition (and its proof) is independent of all the other results proven in this
article. The method used in the proof has been described in [Bla2012], [Isk1985] and [Zim2015], and
is to study linear systems and their base-points.

We now give some further notation used throughout the article.
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Definition 2.10. Let f € Birg(P?) and p be a point that belongs to P? as a proper or infinitely near
point. Assume moreover that p is not a base-point of f. We define a point fo(p), which will also be in
P? or infinitely near. For this, take a minimal resolution of f

S
P2*771**>P2

where v, 15 are sequences of blow-ups. Since p is not a base-point of f it corresponds via v; to a point
of S or infinitely near. Using v, we view this point on P2, again maybe infinitely near, and call it f,(p).

Remark 2.11. Note that f, is a one-to-one correspondence between the sets

(P? U {infinitely near points}) \ {base-points of f} and
(P? U {infinitely near points}) \ {base-points of f~'}

Furthermore, if p is a base-point of a linear system A of multiplicity m that is not base-point of f,
then fo(p) is a base-point of f(A) of multiplicity m [AC2002, §4.1].

Definition 2.12.
(1) Let C C P? be an irreducible (closed) curve, f € Birg(P?) and Bp(f) the set of base-points of
f. We denote by

f(C) = F(C\Bp(f))

the (Zariski-) closure of the image by f of C' minus the base-points of f, and call it the image

of C by f.
(2) Throughout the article, we fix the notation

pr:=[1:9:0], po:=[0:1:4]

for these two specific points of P2, because we will use them extremely often.
(3) The following definition will be used for base-points of elements of J,. Let : X — P2 be the
blow-up of p1,p1, pa2, P2. The morphism 7, := mon: X — P! is a real conic bundle with fibres

being the strict transforms of the conics passing through p1, ..., ps.
X
ni &
P2 _ - p!

Let ': Y — X be a birational morphism and q € Y. We define

Cq =, (7o(n'(q)))-

It is the conic passing through py, p1, pa2, P2, ' (q), which is irreducible or the union of two lines.
The latter case corresponds to 7,(n'(q)) € {[1:0],[0: 1],[1 : 1]}.

3. A QUOTIENT OF J,

We first construct a surjective group homomorphism ¢o: Jo — @y Z/2Z and then (in Section 4)
use the representation of Birg(P?) by generators and relations (Proposition 2.9) to extend ¢, to a
homomorphism ¢: Birg (P?) — @y Z/2Z. Both quotients are generated by classes of standard quintic
transformations contained in 7, as we will see from the construction in Subsection 3.2.

In order to construct the surjective homomorphism Jo — @y Z/2Z, we first need some additional
information about the elements of J,, such as their characteristic (Lemma 3.1) and their action on
the pencil of conics passing through p1, p1, p2, p2 (Lemma 3.7).
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3.1. The group J,. The next lemmata state the characteristic and some other properties of the ele-
ments of J, (recall that for f € Birg(P?), the characteristic of f is the sequence (deg(f);m{*, ..., mg")
where my, ..., my are the multiplicities of the base-points of f and e; is the number of base-points of f
which have multiplicity m; (see [AC2002, Definition 2.1.7])). We will use these properties to obtain the
action of 7, on the pencil of conics through p1, ..., p2. The information will be used to construct the
quotients. In Section 6 (proof of Proposition 2.9), we will use the properties to study linear systems
and their base-points in connection with the relations given in Definition 2.7.

Lemma 3.1. Any element of J, of degree d > 1 has characteristic:

d—1" e . .
d; 5 27z ), if deg(f) is odd

d*> d—2% _a->
(d; 5 9 2%, 1>, if deg(f) is even

and p1,...,D2 are (the) base-points of multiplicity g, =1 o %.

Furthermore, ’
(1) no two double points are contained in the same conic through py,p1,p2, D2,
(2) any element of J, exchanges or preserves the real reducible conics Cy := Ly, p, U Lp, 5, and
Cy = Ly, 5, U Lp, ps,
(3) any element of J, of even degree contracts one of the lines Ly, 5,, i € {1,2} onto a point on a
real conic different from C4q,Cs.

Proof. Let f € J, be of degree d > 1. Let C be a general conic passing through pi,p1,p2, 2. By
definition of Jo, the curve f(C) is a conic through pi, p1, p2, p2. Let m(q) be the multiplicity of f at
the point q. Computing the intersection of C' on the blow-up of the base-points of f with the linear
system of f gives the degree of f(C):
2 =deg(f(C)) = 2d — 2m(p1) — 2m(p2) = (d — 2m(p1)) + (d — 2m(p2)).
Applying Bézout to the line through p;, p;, we obtain that d > 2m(p;), i =1,2.
If d — 2m(p1) = d — 2m(p2) = 1, then
d—1
m(p1) = m(p2) = 9
Else, d — 2m(p;) = 0, d — 2m(ps—;) = 2 for some i € {1,2}, and so
d - .
m(pz) = 5: m(p?)f’i) = Ta 1€ {172}
Let ¢ be a base-point of f not equal to pq,p1,p2, p2 and Cj its associated conic through pq,p1, p2, P2
(see Definition 2.12). Then 2 > deg(f(Cy)) > 0 and
0 < deg(f(Cy)) < 2d —2m(p1) — 2m(p2) — m(q) =2 —m(q) <2
In particular, m(q) € {1,2}. Let D be a general member of the linear system of f. The genus formula

(d-1)d=-2) 3 m(q)(m(q) — 1)

0=yg(D)= 2 5

q base-point of f

and m(q) € {1, 2} for all base-points g of f different from p1, p1, p2, P2 imply that

+ |{base-points of multiplicity 2}|

2
(d—1)(d—2) _ m(pi)(m(p:) — 1)
2 =2 ; 2
and in particular that

=1 dodd

|{base-points of multiplicity 2}| = {dig’
= deven

[\v)

It follows from the Noether equalities that f has exactly one simple base-point if d is even and none
otherwise. This yields the characteristics. Bézout’s theorem implies that no two double points are
contained in the same conic through p1, D1, p2, P2. The conics Cy = Ly, », ULp, 5,, Co = Ly, 5, ULp, p.,,
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C3 := Ly, 5, U Ly, 5, are the only reducible conics through pi,...,p2, and C;,Cy each consist of two
non-real lines while C3 consists of two real lines. If f has even degree, it contracts the line L,, 5,, where
m(p;) = 2, onto the base-point of f~! of multiplicity 1, and no other line is contracted (because f~*
has only one base-point of multiplicity 1). Because of this and the multiplicities of the base-points of f,
Jsends Ly, ., Ly, 5,57 # j, onto non-real lines. This is also true if f has odd degree (simply because of
the multiplicities of its base-points). Thus f preserves or exchanges Cy,Cs. In particular, the induced
automorphism f of f on P! does not send m,(C3) onto either of 7,(Cy), 7o(Cy). It follows that if f has
even degree, the point f(Ly, 5,) is contained in the conic 75 (f(m0(C3))) # C1, Cy. In particular, the
simple base-point of f~! (which is f(Ly, 5,)) is not contained in Cy, Cs. By symmetry, the same holds
for f. O

Remark 3.2. The group J, contains standard quintic transformations (Lemma 2.5). Remark that
op: [y z] --» [z2:yz 22 4+ y?] is contained in Jo.

The linear map [z : y : z] — [z : —y : x| exchanges p; and py (and p1 and p3), and the linear map
[#:y:2z]— [~x:y: 2] exchanges p; and p; and fixes pp. Both are contained in Autg(P?) N Jo.

Lemma 3.3. For any q € P?(R) not collinear with any two of {p1,p1,p2, P2} except maybe the pair
(p2,D2), there exists f € Jo of degree 2 with base-points p1,p1,q.

In particular: Let f € J, of even degree d, the points p;,D; its base-points of multiplicity % and r
its simple base-point or the proper point of P? to which the simple base-point is infinitely near.

Then there exists T € J, of degree 2 with base-points p;, p;,T.

Proof. Since q is not collinear with pi, 1, there exists o € Autg(P?) that sends py, p1,q onto py, P, [0
0: 1]. Let t := (01a)*(p2). The quadratic transformation oja has base-points p1,p1, ¢ and sends the
pencil of conics through p1, p1, p2, P2 onto the pencil of conics through pi,p1,t,t. By assumption, the
point py is not on the lines L, ,,, Ly 5 and thus ¢,¢ are proper points of P? that are not collinear
with p1,p;. There exists 8 € Autg(P?) that fixes p1,p; and sends ¢, onto po,p2. The quadratic
transformation Soa has base-points p1, p1, ¢ and sends the pencil of conics through p1, p1, p2, P2 onto
itself, i.e. is contained in J,.

Let f € J, of even degree d, p;, p; its base-points of multiplicity % and r its simple base-point or the
proper point of P? to which the simple base-point is infintely near. By Bézout, r, p;, p; are not collinear
and by Lemma 3.1 the points r, p;, ps—; and r,p;, p3—; are not collinear. Hence there exists 7 € J, of
degree 2 with base-points r, p;, p;. (I

To prove the next lemma (Lemma 3.6), we are forced to introduce another kind of quintic trans-
formation, which is just a degeneration of standard quintic transformations. They will pop up again
in Section 5, where we look at relations between quadratic and standard quintic transformations in
order to prove that the kernel of the Abelianisation map is equal to the normal subgroup generated
by Autg(P?).

Definition 3.4. We define a type of real birational transformation called special quintic transforma-
tion.

Let g1, 1, 2, @2 € P? be two pairs of non-real points of P2, not on the same line. Denote by 7 : X; —
P2 the blow-up of the four points, and by E;, E; C X; the curves contracted onto ¢, §; respectively.
Let g3 € E; be a point, and g3 € E; its conjugate. We assume that there is no conic of P? passing
through q¢1, q1, g2, @2, g3, @3 and let mo: Xo — X5 be the blow-up of g3, gs.

On X, the strict transforms of the two conics C,C of P? passing through g¢i, 1, q2,32,¢3 and
41, @1, G2, G2, G3 respectively, are non-real conjugate disjoint (—1) curves. The contraction of these two
curves gives a birational morphism 75: Xo — Yi, contracting C,C onto two points rs,73. On Y; we
find two pairs of non-real (—1) curves, all four curves being disjoint. These are the strict transforms
of the exceptional curves associated to q1,q1, and of the conics passing through ¢1,q1, g2, g3, g3 and
q1, 1, G2, g3, G3 respectively. The contraction of these curves gives a birational morphism 7, : Y; — P?
and the images of the four curves are points r1, 71,72, 72 respectively. The real birational map ¢ =
mne(mime) "t P2 —-» P? is of degree 5 and called special quintic transformation.

Remark 3.5. Let 0 be a special quintic transformation and keep the notation of its definition. With
similar argument as for the standard quintic transformations (Lemma 2.3) one shows that ¢1,...,Gs
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are the base-points of 8, and are of multiplicity 2. Furthermore, 6 sends the pencil of conics through
q1, 1,92, G2 onto the pencil of conics through ry,71,72,72 and § € Aut(P?(R)).

Lemma 3.6. The group J, is generated by its linear, quadratic and standard quintic elements.

Proof. Let f € J,. We use induction on the degree d of f. We can assume that d > 2.

e If d is even, it has a (real) simple base-point. Denote by r the simple base-point of f or, if the
simple base-points is not a proper point of P2, the proper point of P2 to which the simple base-point
is infinitely near to. Let p;, p;, ¢ € {1,2} be the points of multiplicity g (Lemma 3.1). By Lemma 3.3
there exists a quadratic transformation 7 € J, with base-points p;, p;,7. The map fr—! € J, is of
degree < d — 1.

e Suppose that d is odd and has a real base-point ¢. By Lemma 3.1, the points ¢, p1,p2 are of
multiplicity 2, %, % respectively. We can assume that g is a proper point of P? (since no real point
is infinitely near pi,...,p2). By Bézout, ¢ is not collinear with p;,p;, 4,j € {1, 2}, and so there exists
T € J, of degree 2 with base-points ¢, p1,p1 (Lemma 3.3). The map fr=! € 7, is of degree d — 1.

e Suppose that d is odd and has no real base-points. If it has a double point ¢ different from
P1, ..., P2 which is a proper point of P? then py, p1, pa, P2, ¢, ¢ are not on the same conic (Lemma 3.1).
In particular, there exists a standard quintic transformation 6 € J, with those points its base-points
(Definition 2.2, Lemma 2.5). The map f0~! € 7, is of degree d — 4.

If it has no double points that are proper points of P2, there exists a double point ¢ infinitely near
one of the p;’s. By Bézout, p1, p1, p2, D2, ¢, § are not contained on one conic, hence there exists a special
quintic transformation 6 € [J, with base-points p1, 1, p2, b2, ¢, ¢ (Definition 3.4). The map f0~! € 7,
is of degree d — 4. By [BM2012, Lemma 3.7] and Remark 3.2, 6 is the composition of standard quintic
and linear transformations contained in 7. O

Recall that for each element f € 7, there exists f S Aut]R(IP’l) such that f oMo = o © f (Defini-
tion 2.1). This induces a group homomorphism J, — Autg(P!) given by f +— f (see Definition 2.1).
The next Lemma states that this action corresponds to a real scaling and that every scaling can be

realised by a quadratic transformation. The cubic and standard quintic transformations scale by +1.
By Autg (P!, [0, ]) we denote the subgroup of PGLy(R) that fixes the real interval [0, oo] in P1(R).

Lemma 3.7. The action of Jo on P! gives rise to a surjective homomorphism
Jo — Autg(P*,[0,00]) =~ Rug x Z/27Z

where R~g C PGL2(R) is given by diagonal maps [x : y] — [az : by], a,b € R and Z/2Z is generated
by [z :y] = [y : 2]

Moreover, any element of (Rso)* is the image of a quadratic element of Jo and Z/27 is the image
of a linear element.

Furthermore:

o The cubic transformations are sent onto (1,0) if they contract Ly, 4 onto p; or p;, i = 1,2, where
q is the double point, and onto (1,1) otherwise.

e The standard quintic transformations are sent onto (1,0) or (1,1).

Proof. There are exactly three real reducible conics passing through p1, p1, p2, P2, namely
Cri=Lp p, ULp 5y, Co:=Lp, 5, ULp p,, C3:=Lp 5, ULy, s,
and their images by mo: P2 --» P! are
mo(C1) =10:1], w(C2)=[1:0], mo(Cs)=11:1].

Let f € J, and f tpe induced autorgorphism on P'. By Lemrr}a 3.1, f preserves or exchanges C1,Cs,
which yields that f is of the form f: [u : v] + [au : bv] or f: [u : v] = [av : bu], a,b € R*, where
[a:b] = f(mo(C5)) = 7o(f(C3)). This yields a homomorphism

¥: Jo — R* x Z/21.

Lets show that the image of ¥ is Rso X Z/2Z and that any element of R is the image of a quadratic
transformation.
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By Lemma 3.6, the group J, is generated by its linear, quadratic and standard quintic elements.
The map v: [z : y : 2] = [~z : y : 2] induces §: [u : v] — [v : u], i.e. ¥(y) = (0,1). The linear
transformations send lines onto lines, and hence are sent by ¢ onto (1,0) or (1,1). The standard
quintic transformations preserve the set {C7,C2,C3} and are hence sent onto (1,0) or (1,1). Let
7 € Jo be a quadratic transformation. It has base-points p;,p;,q, for some i € {1,2}, and sends
ps—i, P3—; onto proper points of P2, In particular, g is not collinear with any two of py, p1, pa, P2 except
maybe p3_;, p3—;. It follows that ¢ € P(R) \ {[1 : 0 : 1],[L : 0 : —1]}. On the other hand, take
q=1la:b:1]€P*(R)\{[1:0:1],[1:0:—1]}. Then ¢ is not collinear with any two of p1,p1,pe, D2,
except maybe psy, p2. By Lemma 3.3 there exists a quadratic transformation 7 € 7, with base-points
q,P1,P1-

We have 7, (771(C3)) = mo(q) = [b? + (a + 1) : b? + (a — 1)?], which is not equal to [0 : 1],[1 : 0].
In particular, ¥(771) € (Rsq)* x Z/2Z, and it follows that ¢(J,) C (Rsq)* % Z/27Z.

Note that pry(¥(7)) = 7(g), so the image by (pr; o ¥) of the set of quadratic elements of J; is
equal to the image by 7, of the set P2(R)\ {[1:0:1],[1:0: —1]}.

Claim: mo( P2(R)\ {[1: 0:1],[1: 0: —=1]} ) = {[a: 1] € PL(R) | a > 0} ~ R~¢: The set of points
where mo: [z 1y 1 2] - [y2 + (z + 2)% : y? + (x — 2)?] is not defined is {p1, p1, P2, P2}, hence 7, is
defined on P?(R) and continuous on it. Thus m,(P?(R)) is a connected subset of {[a : 1] € P}(R) | a >
0} U{[1:0]} € PL(R). The claim now follows with mo([1:0:1]) = [1:0] and 7o ([1: 0: —1]) = [0: 1].

In conclusion, every element of R+ is the image of a quadratic element of J,, and v has image

Rso X Z/27.
To complete the proof of the lemma, remark that cubic transformations preserve C3 and they
preserve C, Cy if they contract Ly, 4 onto p; or p;, i = 1,2, where ¢ is the double point. O

3.2. The quotient. Using Lemma 3.7, we now construct a surjective group homomorphism J, —

Dy 7/27.

There are two constructions of the quotient - one geometrical and the other using the spinor norm
on SO(x? + y? —t22 R(t)). We first give the geometrical construction and then the one via the spinor
norm.

Definition 3.8. Let f € J,. For any non-real base-point ¢ of f, we have 7,(Cy) = [a + b : 1] and
o (Cq) = [a —ib : 1] for some a,b € R, b # 0 (see Definition 2.12 for the definition of C;). We define

a
v(Cy) = — €R.
Y]
Note that v(Cy) = v(Cy). Moreover, v(Cy) = v(Cy) if and only if 7,(Cy) = Amo(Cyr) or mo(Cy) =
Ao (Cy) for some A € R*.
Definition 3.9. We define e5 € ®rZ/2Z to be the ”standard vector” given by

1, d=¢

(es)e = {0, else

Definition 3.10. Let f € J, and S(f) be the set of non-real conjugate pairs of base-points of f
different from pq,...,p2. We define

Yo: Jo —> @Z/2Z, fr— Z ev(Cy)
R (¢,9)€S(f)

which is a well defined map according to Definition 3.8.

Remark 3.11. The following remarks directly follow from the definition of ..

(1) If S(f) =0, then oo(f) = 0.

(2) For every f € J, of degree < 4 the set S(f) is empty (follows from its characteristic;
Lemma 3.1), hence in particular ¢q(f) = 0.

(3) Let 6 € J, be a standard quintic transformation. Then [S(f)| = 1 and ¢o(6) is a ”standard
vector”.

(4) It follows from the definition of standard quintic transformations (Definition 2.2) that for every
0 € R there exists a standard quintic transformation 6 € J, such that ¢,(0) = es.
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l){

<<< X\ X(R
. . P3
P2\ P*(R)

P{

ﬁ'o
C B
p3 P3 PO\ P(R
To

mo(p3) = [a+ib: 1] R

R
)
I
s
|
&
=

FIGURE 1. The map v (Definition 3.8)

(5) Let 61,02 € Jo be standard quintic transformations and S(0;) = {(¢:, @)}, i = 1,2. f Cy, = C,
(01 Cy, = Ciy), then po(61) = 0 (62).

(6) Let 6 € J, be a standard quintic transformation. Let S(0) = {(q1,q1)} and S(0~ 1) = {(g2,d2)}-
Since @ induces Id or [z : y] = [y : 2] on P! (Lemma 3.7), it follows that v(C,,) = v(C,,) and
in particular ¢, (0) = @.(671).

(7) Let f € J, and C be any non-real conic passing through py, ..., p2. The automorphism f on P!
induced by f is a scaling by a positive real number (Lemma 3.7), thus vo f = v. In particular,

Cv(f(C)) = Cu(f(c)) = Ev(O)-
Let us finally prove that ¢, is a homomorphism of groups.

Lemma 3.12. The map po: Jo — @pZ/2Z is a surjective group homomorphism and its kernel
contains all elements of degree < 4.

Proof. Tt suffices to show that ¢, is a group homomorphism: the surjectivity and the assertion on the
kernel then follow from Remark 3.11 (2) and (4).

Let f,g € Jo. We want to show that ¢.(fg) = ¢o(f) + ¢o(g). The group J, is generated by its
linear, quadratic and standard quintic elements (Lemma 3.6), so we can assume that f is a linear,
quadratic or standard quintic element of J,. In particular, S(f) is empty if f is linear or quadratic
(Remark 3.11 (2)), and |S(f)| =1 if f is a standard quintic transformation.

Suppose that S(f) N S(g=!) = 0, then S(fg) = S(g) U (¢71)*(S(f)) [AC2002, Corollary 4.1.14].
If S(f) = 0, we have po(f) = 0 (Remark 3.11 (1)), S(fg) = S(g), and in particular p,(fg) =
©o(f) + wol(g). If S(f) # 0, then S(f) = {(¢,7)}. By Remark 3.11 (7), we have

ey(c(y’l)'(q)) = eu(g_l(cq)) = el’(cq)

In particular,

gao(fg) = Z eV(Cp) = BV(C(H—l)o(q)) + Z eu(cp)

(p,p)ES(f9) (p,p)ES(9)

= ey, t Z €v(Cy) = ©o(f) + o(9)
(p,P)ES(9)

Suppose that @ # S(f) C S(g~!). Then f is a standard quintic transformation. In order to make
the argument a bit more simple, lets prove that ¢o(g7 f™!) = wo(971) + @o(f~1), which will yield
the claim (since @, (h) = @o(h™1) by Remark 3.11 (6)). Let S(f) = {(¢,9)}, S(f~%) = {(¢,7)}-

We claim that S((fg)~") = f*( S(¢™*) \ {(¢,9)}). Indeed, the multiplicity of (fg)~! in ¢’ is equal
to the intersection of the strict transform of C; with the strict transform of the linear system of g~! in

the blow-up of ¢, q,p1,p1, p2, b2 in P2. Since C, contains exactly one base-point of g~! (Lemma 3.1),
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which is ¢, the intersection is precisely

m(fg)*l(q/) = 2deg(g_1) - 2mg*1(p1) - 2mg*1(p2) - Z mgfl(r)
reCy

= 2deg(g) — 2(deg(g) — 1) —my-1(q) =0
On the other hand, f does not touch the base-points of g1 different from ¢, G, p1,p1, p2, 2. It fol-

lows that S(g~'f~1) = f* ( S(g=H\ {(q, q)}) [AC2002, Corollary 4.1.14]. In particular, we have by
Remark 3.11 (6), (7)

eolg Y = Z ev(c,) = Z €us(Cy)
(p,p)€S(g=1f~1) (p.p)ef( S~ )N\ {(a:D)})

@ B
- ey = Po(977) = euay)

(PP EST- N\ {(0,:0)}
_ (6) _ _
=0o(g7") = @o(f) = @olg™") +@a(f71)
O

3.3. Construction of quotient using the spinor norm. The quotient ¢: Jo — @y Z/27Z is in
fact given by the spinor norm, as explained in the following.

Blowing up the four base-points pi, 1, p2, P2 of the rational map 7, : P? --» P! and contracting the
strict transform of Ly, 5, (or Ly, 5,) vields a del Pezzo surface Xg of degree 6. The fibration 7, becomes
a morphism 7’ : Xg — P!, which is a conic bundle with two singular fibres, both having only one real
point. The group J, is the group of birational maps of X¢ preserving this conic bundle structure.

The contraction the two (—1)-sections on Xg is a morphism

Xg — S = {wz = 2® +y*} C P,

onto the quadric in P whose real part is diffeomorphic to the sphere. We can choose the images of the
sections to be the points [0 : 1:4:0],[0:1: —i: 0] € P3 and obtain that Xg = {(jw : 2 : y : 2], [u :
v]) € PP x P! | uz = vw,wz = 22 + y*} and

Xe——=8 (w:z:y:z,ju:v])—=[|w:z:y: 2]
! !
iﬂ'é I |
¥ y
P! —— P! [u: ] —m——xw: 7]
The generic fibre of 7/, is the conic C in Pﬁ(t) given by 2 +y? —tz%2 = 0. By Lemma 3.7, the projection
7l induces an exact sequence
1 = Autr()(C) — Jo — Autg(P', [0,00]) = Ruo % Z/2Z — 1,
which in fact is split by
(X, 0) — ([w:x:y:z]H[Aw:ﬁx:ﬁy:z])
O, = (w:z:y: 2zl [z:z:y:w).

Furthermore, Autr;) (C) is isomorphic to the subgroup of PGL3(R(t)) preserving the quadratic form
22 +y? — t22, and is therefore isomorphic to SO(z? + y? — t22,R(2)).
Consider the spinor norm

0 — Z/27 — Spin(z? + y2 — t22, R(t)) — SO(2? + y2 — t22, R(t)) 5 R(t)* /(R(£)*)2.

For a reflection f at a vector v = (a(t), b(t), c(t)), the spinor norm is the the length of v squared, i.e.
0(f) = a(t)® + b(t)? — te(t)?. As squares are moded out, we may assume that a(t), b(t), c(t) € R[t]. An
element g € R[t] is a square if and only if every root of g appears with even multiplicity. Thus we can
identify R(¢)*/(R(¢)*)? with polynomials in R[¢] having only simple roots, i.e. with Z/2Z & PgZ/2Z,
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12 SUSANNA ZIMMERMANN
where H C C is the closed upper half plane and the first factor is the sign of the polynomial. A non-real
root a=+ib is the root of (t—a)?+b%. In particular, the spinor norm induces a surjective homomorphism
0: SO(x? +y* — 2%, R(t)) — GBZ/QZ.
H

Let’s look at it geometrically. Extending the scalars to C(t), the isomorphism Autg)(C) ~ SO(2*+

y? — tz2,R(t)) extends to
Autg() (C) C Aute) (C) = PGLy(C[t]) = SO(2* 4 y* — t2°,C(t)) = SO(ta® — yz, C(t)),

where the isomorphism a: PGLy(C[t]) ~ SO(tx? — yz, C(t)) is given by the embedding Pé:(t) — ]P’(%(t),
[u: v] = [uv : tu? : v?]. The group PGLy(CJt]) is generated by its involutions, all of which are conjugate

to matrices of the form
(0 p
P := (1 0), p € C[t].

The image of P via « is

-1 0 0
0 —1/tp O
which is a reflexion at its eigenvector (0, —tp,1) of eigenvalue 1. In particular, §(P) = ¢p and so

O(P) = p = det(P) € C(t)*/(C(t)*)%. The isomorphism a: PGLy(C[t]) =~ SO(2? + y? — tz2,C(t)) is
induced by a birational map Xg — IP’}C X ]P’(%: that contracts one component in each singular fibre. The
zeros of O(P) correspond to the fibres contracted by fp: P& x PL --» PL x PE, (z,y) — (p/z,y) “an
odd number of times”. So, for f € Autg(C) the spinor norm O(f) corresponds to the non-real conics
contracted by f “an odd number of times”. Lemma 3.7 implies that Autg (P, [0, cc]) acts on the image
of these conics in P! by real positive scaling. Observe that the quotient of H by Rsg is bijective to R
via the map v given in Definition 3.8 (see also Figure 1). We obtain a group homomorphism

Jo ~SO(a? + 1 — t22, R(t)) x Autg (P', [0, 00]) — P Z/22Z,
R

{é(fL f€S0(a? +y? — 22, R(t))
f—
0, fe Aut]R(]P’l, [0, 00])

which is exactly the quotient ..

4. A QUOTIENT OF Birg(P?)

Let ¢o: Jo — @y Z/2Z be the map given in Definition 3.8. By Proposition 2.9, the group Birg (P?)
is isomorphic to G (see Defintion 2.7), which, according to Remark 2.8, is the quotient of the free
product Autg(P?) * J, * Jo by the normal subgroup generated by all the relations given by the pairwise
intersections of Autg(P?), Ji, Jo and the relations (1), (2), (3) of Definition 2.7. Define the map

SOO(f)» feds

O Autg(P? " x To Z/27,
ute )*j*jH? / fH{O, f € Aute(P?) U 7.,

Tt is a surjective homomorphism of groups because ¢, is a surjective homomorphism of groups (Lemma 3.12).
We shall now show that there exists a homomorphism ¢ such that the diagram

Autg(P?) x J, * Jo — G ~ Birg(P?)

icb oy
L3

P 2/27

is commutative, where 7 is the quotient map. For this, it suffices to show that ker(w) C ker(®). We
will first show that the relations given by the pairwise intersections of Aut]R(IP’Q), J«, Jo are contained
in ker(®) and then it is left to prove that relations (1), (2), (3) are contained ker(®).

Lemma 4.1.
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(1) Let fi € Autg(P?), fa € Jo such that w(f1) = 7(f2). Then ®(f1) = ®(f2) = 0. (2) Let f1 € Ts,
f2 € To such that w(f1) = 7(f2). Then ®(f1) = ®(f2) = 0.

In particular, ® induces a homomorphism from the generalised amalgamated product of Autg(P?), T, Jo
along all pairwise intersections onto @y Z/27.

Proof. (1) We have 7(f1) = 7m(f2) € Autg(P?) N J, C Jo. In particular, oo (7(f;)) = 0, i = 1,2
(Remark 3.11, (2)), and so ®(f1) = ®(f2) = 0 by definition of ®.
(2) Lets first figure out what exactly J. N J, consists of. First of all, it is not empty because the
quadratic involution
Tilwiy 2] - [YP 4 2 ay a2
is contained in it. Let f € J. NJ, be of degree d. By Lemma 3.1, its characteristic is (d; %4, 2%) or
(d; a2 @2,2%, 1). Since f € J., it has characteristic (d;d — 1,12¢=2). If follows that d € {1,2, 3}.

59 v 9
Linear and quadratic elements of J, are sent by ¢, onto 0 (Remark 3.11 (2)). Elements of 7, of

degree 3 decompose into quadratic elements of J, and are hence sent onto zero by ¢, as well. In
particular, ®(f1) = ®(f2) = 0.

Since ®(Autg(P?)) = ®(J.) = 0, (1) and (2) imply that ® induces a homomorphism from the
generalised amalgamated product of Autr(P?), J,, Jo onto Py Z/27Z. O

Lemma 4.2. Let 0 € J, be a standard quintic with S(0) = {(q,q)}, S(071) = {(¢’,7)}
Let o, g € Autg(P?) that fiz p1 and send q (resp. q') onto pa. Then ' == ay0(ay)™t € To is a
standard quintic transformation and

(0) = @(aq/ﬁ(aq)_l) =o(0)
Note that the statement still holds if we write psy instead of pa.

Proof. Remark that
S(0") = { (aq(p2), aq(p2)) }-
Hence we need to show that
D(0) = po(0') = €U(Cy(pyy) = Ew(Cy) = Po(0) = 2(6).

To do this, it suffices to show that 7, (Cy, (p,)) = AMT6(Cy) o To(Clo,(py)) = ATo(Cy) for some A € R*.
For this, we need to understand the map ay. So, we study the non algebraic mapping

P2 (C)\ {z =0} — P*(C)\{z =0}, g+ ag(p2)
which we can describe, via the parametrisation
1:R? = P2(C), (u,v,z,y)— [utiv:z+iy:1],

by the real birational involution

1[): R4 -2 R4a (u,v,x,y) F=3 (

ud—vr —v  uv—+xy Yy )
2ty 0 fy2 2 b2 02t y2 )
The domain of ¢ is R*\{v =y = 0} = ¢! (P?(C) \ ({2 = 0} UP?(R))). To understand 4(C,\ {z = 0}),
we use the parametrisation
par: C — C, \ {z =0},
- {(t—l)(t—i—l)()d—u) i+t 42X — 2pt + A+ ) : 1] 7

MApt+A—p MAput+X—p

which is the inverse of the projection of C; centred at p;. This yields the commutative diagram

G\ {2 = 0)) — = (e (Cy \ {2 = 0)

} )

C" e\ 2= 0) — (O \ e = 0 P!

e
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14 SUSANNA ZIMMERMANN

The map (7, o ¢ o par) is given by

—PQq(®,y) | —vQe(,y)

A2 +p2)  A(p*+1?)

where p,v € R are the real coordinates of m,(Cy), i.e. o(Cy) = [p+iv : q], and Qq(z,y) € R[z,y] is
of degree 2. This shows that the points mo(Cy) and 76 (C(a,)-1(p,)) are equal up to multiplication by

72454 which yields the claim. 0

T 41y —

Recall the definition of the homomorphism

eo(f), feTs

O Autg(P? " x To 7/27,
utg(P?) = J, * J. H?/ f»—>{0’ F € Auta(P%) U J.

Proposition 4.3. The homomorphism ® induces a surjective homomorphism of groups
¢: Birg(P?) — @ Z/2Z
R

which is given as follows:
Let f € Birg(P?) and write f = f,,--- f1, where f1,..., fn € Autg(PH)UT.UJs. Then p(Autg(P?)U
J«)) =0 and

()= _"0(fi)= > wolfi)
i=1 fi€To

Its kernel ker(p) contains all elements of degree < 4.

Proof. Let m: Autg(P?) x J. x Jo — G ~ Birg(P?) be the quotient map (Remark 2.8). We want to
show that there exists a homomorphism ¢: Birg(P?) — @y Z/2Z such that the diagram

Autg(P?) x J, * Jo — G ~ Birg(P?)

‘ . Elv v
PA

Pz/2Z

R
is commutative. For this, it suffices to show that ker(w) C ker(®). By Lemma 4.1, ® induces a homo-
morphism from the generalised amalgamated product of Autg(P?), J.,Jo along all intersections onto
@Dg Z/2Z. So, by Remark 2.8 it suffices to show that ® sends the relations (1), (2), (3) in Definition 2.7
onto zero.

Linear, quadratic and cubic transformations in J, and the group J. are sent onto zero by ¢ (defi-
nition of ® and Remark 3.11 (2)), hence relations (2) and (3) are contained in ker(®). So, we just have
to bother with relation (1):

Lets 01,0, € J, be standard quintic transformations, ay, as € Autg(P?) such that

0 = o

If a1, as are contained in Jo, then ®(aqfiay(f2)™1) = po(aabiaz(f2)™1) = po(Id) = 0.

So, lets assume that oy, as ¢ J, and define q := (q, q) for ¢ € P2. Denote S(6;) = {ps}, S((61)71) =
{ps}. There exist i,j € {1,2,3} such that (1)~ (p;) = p1, (1)~ (pj) = p2. Since oy ¢ Jo, we
have 3 € {i,j}. By Remark 3.2 there exist 8,7 € J, N Autg(P?) such that (a7 '8 1)(p1) = p1 and
(a27)(p1) = p1. We obtain that (Ba;)~(ps) € pa and (a27y)(ps) € pa. It follows from Lemma 4.2 that

D(02) = @ ((a2y) (v 101871 (Ba)) = @(61),

i.e. @ sends relation (1) onto zero. The surjectivity of ¢ follows from the surjectivity of pg (Lemma 3.12).
If f € Birg(P?) is of degree 2 or 3 there exists a, 3 € Autg(P?) such that 3fa € J.. Hence ¢(f) = 0.
If deg(f) =4, f is a composition of quadratic maps, hence ¢(f) = 0. O
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Let X be a real variety. We denote by X (R) its set of real points of and by Aut(X(R)) C Bir(X)
the subgroup of transformations defined at each point of X (R). It is also called the group of birational
diffeomorphisms of X, and is, in general, strictly larger than the group of automorphisms Autg(X) of
X defined over R. The group Aut(P?(R)) is generated by Autg(PP?) and the standard quintic transfor-
mations [RV2005, BM2012]. Until now no similar result has been found for Aut(A?(R)).

Corollary 4.4. There exist surjective group homomorphisms

Auwt(P*(R)) — P z/2Z,  Aut(A*(R)) - @ Z/22.

Proof. We identify A?(R) with P?(R)\ Ly, ;,. All quintic transformations are contained in Aut(P?(R))
(Lemma 2.3) and preserve C3 := Ly, 5, ULy, 5,. For any standard quintic transformation 6 there exists
a permutation « of py,..., P2 such that af preserves Ly, 5,, i = 1,2, i.e. is contained in Aut(A?(R)).
Therefore, the restriction of ¢ onto Aut(P?(R)) and Aut(A2(R)) is surjective. O

Let Q31 C P? be the variety given by the equation w? = 2% + y? + 22. Its real part Qs 1(R) is the
2-sphere S2.

Lemma 4.5. There exists a surjective group homomorphism

Aut(Qs1(R)) — EP Z/2Z.
R

Proof. By [KM2009, Theorem 1] (see also [BM2012, Theorem 1.4]), the group Aut(Qs1(R)) is gen-
erated by Autr(Qsz1) = PO(3,1) and the family of standard cubic transformations (see [BM2012,
Example 5.1] for definition). Consider the stereographic projection
p: Q31 -—P% [wiz:y:zlros[w—z:2:9

It is a real birational transformation obtained by first blowing-up the point [1 : 0 : 0 : 1] and then
blowing down the singular hyperplane section w = z onto the points ps,p2. The inverse p~! is an
isomorphism around pi,p; and p sends a general hyperplane section onto a general conic passing
through po, ps.

To prove the Lemma, it suffices to show that every standard quintic transformation in 7, that
contracts the conic passing through all its base-points except p2 onto ps is conjugate via p to a standard
cubic transformation in Aut(Qsz1(R)). Let 6 € J, be a standard quintic transformation with base-
points p1,p1, p2, P2, P3,P3, and assume that the conic passing through p1, p1, P2, p3, P3 is contracted
by 6~! onto ps. Then pfdp~! € Aut(Qs1(R)). Let C C P? be a general conic passing through pa, po.
Then #~1(C) is a curve of degree 6 with multiplicty 3 in po,po and multiplicity 2 in py,p1,ps, Ps-
Therefore, (p~1071)(C) C Q31 is a curve of self-intersection 18 passing through p~!(p1),p~!(p1),
p~1(ps3),p1(p3) with multiplicity 2. It follows that (p~!6p)~! sends a general hyperplane section
onto a cubic section having multiplicity 2 at these four points. [BM2012, Lemma 5.4 (3)] implies that
p t0p € Aut(Qs1(R)) is a standard cubic transformation. O

Corollary 4.4 and Lemma 4.5 imply Corollary 1.5.
Corollary 4.6 (Corollary 1.6). For any real birational map v: Fo --» P2, the group ¢ Aut(Fo(R))y 1
is a subgroup of ker(p).
Proof. By [BM2012, Theorem 1.4], the group Aut(Fo(R)) is generated by Autg(Fo) ~ PGL(2,R)? x
Z/Z and the involution

7: ([ug : u1], [vo : v1]) F=+ ([uo, u1], [uogvo + urv1 : UIve — wov1]).
Consider the real birational map
P2 s Ty, [r:y:z]ro ([z:2),[y:2]),

with inverse 1¥~1: ([ug : u1], [vo, v1]) F-+ [uov1 : urvg : ugv1].

A quick calculation shows that the conjugate by ¢ of these generators of Aut(Fy(R)) are of degree
at most 3. Proposition 4.3 implies that they are contained in ker(). In particular, ! Aut(Fo(R))y C

ker(¢). Since ker(y) is a normal subgroup of Birg(PP?), the same statement holds for any other real
birational map P? --» Fy. O
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Corollary 4.7 (Corollary 1.7). For any n € N there is a normal subgroup of Birg(P?) of index 2"
containing all elements of degree < 4.
The same statement holds for Aut(P?(R)), Aut(A%(R)) and Aut(Qz1(R)).

Proof. Let prs,, . s, @rZ/2Z — (Z/2Z)" be the projection onto the d1,...,d,-th factors. Then
Prs,,...s, © ¢ has kernel of index 2™ containing ker(y) and thus all elements of degree < 4. By Corol-
lary 1.5, the same argument works for Aut(P?(R)), Aut(A%(R)) and Aut(Qsz1(R)). O

Lemma 2.5 and Theorem 2.4 imply that Birg (P?) is generated by Autg(P?), 01,00 and all standard
quintic transformations in J,. This generating set is not far from being minimal:

Corollary 4.8 (Theorem 1.1 and Corllary 1.4). The group Birg(P?) is not generated by Autg(P?) and
a countable family of elements.

The same statement holds for Aut(P?(R)), Aut(A?(R)) and Aut(Qs1(R)), replacing Autg(P?) for
the latter two by Autg(A?), Autr(Qs.1) respectively.

Proof. If Birg(P?) was generated by Autg(P?) and a countable family {f,, }nen of elements of Birg (P?)
then by Proposition 4.3, the countable family would yield a countable generating set of @rZ/27Z, which
is impossible.

The same argument works for Aut(P?(R)), Aut(Qs,1(R)) and Aut(A?(R)) - for the latter two we
replace Autr(P?) respectively by PO(3,1) and by the subgroup of affine automorphisms of A2, which
corresponds to Autg(P?) N Aut(A2(R))). O

Corollary 4.9 (Corollary 1.8). The normal subgroup of Birg(P?) generated by any countable set of
elements of Birg(P?) is a proper subgroup of Birg (P?).
The same statement holds for Aut(P?(R)), Aut(A%(R)) and Aut(Qs1(R)).

Proof. Let S C Birg(P?) be a countable set of elements. Its image 7(S) C @y Z/2Z is a countable
set and hence a proper subset of @y Z/27Z. Since 7 is surjective (Proposition 4.3), the preimage
7Y (r(9)) € Birg(P?) is a proper subset. The group ®rZ/27Z is Abelian, so the set 7! (7(9)) contains
the normal subgroup of Birg(P?) generated by S, which in particular is a proper subgroup of Birg (P?).

O

Remark 4.10. The group homomorphism ¢: Birg(P?) — @y Z/2Z does not have any sections: If it
had a section, then for any k& € N the group (Z/27)* would embed into Birg (P?), which is not possible
by [Bea2007].

Remark 4.11. Over C, the group J, is conjugate to J, (f.e. by any quadratic transformation having
base-points p1, p1,p2 and sending P2 onto [1 : 0 : 0]). This is not true over R: By Proposition 4.3, one
is contained in ker(y) and the other is not.

Remark 4.12.

(1) No proper normal subgroup of Birg(PP?) of finite index is closed with respect to the Zariski or
the Euclidean topology because Birg(PP?) is connected with respect to either topology [Bla2010].

(2) The group Birc(P?) does not contain any proper normal subgroups of countable index: Assume
that {Id} # N is a normal subgroup of countable index. The image of PGL3(C) in the quotient is
countable, hence PGL3(C) N N is non-trivial. Since PGL3(C) is a simple group, we have PGL3(C) C
N. Since the normal subgroup generated by PGL3(C) is Birc(P?) [Giz1994, Lemma 2], we get that
N = Bire(P?).

Lemma 4.13. The normal subgroup of Birc(P?) generated by any non-trivial element of of degree < 4
is equal to Birc(P?).

Proof. The claim is stated in [Giz1994, Remark on Lemma 2, p. 42] for degree < 7 but only a partial
proof is given, which works for all transformations preserving a pencil of lines [Giz1994, Lemma 2].
(deg 1:) For degree 1, it is the fact that the normal subgroup generated by PGL3(C) is equal to
Birc(P?) [Giz1994, Lemma 2, Case 1 of proof].
(deg 2, 3:) Let f € Birg(IP?) be of degree 2 or 3. There exists a proper base-point ¢ (resp. ¢') of f
(resp. f~1) such that f sends the pencil of lines through ¢ onto the pencil of lines through ¢’. Pick
a € PGL3(C) that exchanges q,q’ and such that fa~!fa # Id. Then Id # fa~!fa is contained in
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the normal subgroup generated by f and preserves the pencil of lines through ¢'. Hence the normal
subgroup generated by f is Birc(P?) [Giz1994, Lemma 2].

(deg 4:) If the transformation has a triple base-point, we prove the claim with a similar argument
as above. For transformations without triple points, despite the idea of proof in [Giz1994, Remark on
lemma 2], we only succeeded to show the claim with a lot of effort and a rather long case by case study
depending on the configuration of the base-points. |

5. THE KERNEL OF THE QUOTIENT

In this section, we prove that the kernel of ¢: Birg(P?) — @y Z/2Z is the normal subgroup
generated by Autg(IP?), which will turn out to be the commutator subgroup of Birg(P?). It implies
that the quotient ¢: Birg(P?) — @y Z/27Z is in fact the Abelianisation of Birg (P?).

For this, we will again use the presentation of Birg(IP?) in terms of generators and relations given in
Proposition 2.9. We will see that ker(¢) is the normal subgroup generated by Autg(P?), 7, and ker(yo),
and then it suffices to prove that 7. and ker(¢,) are contained in the normal subgroup generated by
Autg (P?).

The key idea is to show that if two standard quintic transformations 61,6, are sent by ¢, onto the
same image, then 6> can be obtained by composing #; with a suitable amount of quadratic elements,
which will imply that 6;(62)~! is contained the normal subgroup of Birg(P?) generated by Autg(P?).
For this to be useful, we need to be able to put the quintic elements next to each other when decom-
posing an element of 7, into quadratic and standard quintic elements. To do this we need to sidle off
to involve special quintic transformations (see Definition 3.4), which is why they pop up again in this
section.

More precisely, Lemma 5.6 shows that if two standard or special quintic transformations in J, have
the same image via @,, we can obtain one from the other by composing with a suitable amount of
quadratic transformations in J,. We then show that every quadratic transformation in Birg(P?) is
contained in the normal subgroup generated by Autg(P?) (Lemma 5.8). Lemma 5.9 shows that 7. is
contained in the normal subgroup generated by Autg(P?). All of this will yield that that the kernel of
¢ is indeed the normal subgroup generated by Autg(P?) (Proposition 5.13)

Definition 5.1. We denote by ((Autg(P?))) the normal subgroup of Birg(P?) generated by Autg (P?).

5.1. Geometry between cubic and quintic transformations. One idea in the proof that ker(y) =
((Autg(P?))) is to see that if two standard quintic transformations are sent onto the same standard
vector in @y Z/2Z, then one is obtained from the other by composing from the right and the left with
suitable cubic maps, which in turn can be written as composition of quadratic maps. For this, we first
have to dig into the geometry of cubic maps.

Remark 5.2. Let f € J, of degree 3 and r € P?(R) its double point. The points p1, ..., ps are base-
points of f of multiplicity 1 (Lemma 3.1). Note that for ¢ € {1,2}, the map f contracts the line passing
through r, p; onto one of py,P1,p2, P2 and that by Bézout the (real) double point is not collinear with
any two of p1, p1, p2, Pa.

Lemma 5.3. For every r € P2(R) not collinear with any two of py, P, p2, P there exists f € Jo of
degree 3 with base-points r,p1, p1,p2, P2 (with double point r).

Proof. Since r is not collinear with any two of pi,p1,p2, P2, there exists 7 € J, quadratic with
base-points r,py,p; (Lemma 3.3). The base-points of its inverse are s, p;, p; for some s € P?(R) and
i € {1,2}. We can assume that ¢ = 1 by exchanging p1, ps if necessary (Remark 3.2). Since r, po, P2 are
not collinear, also s, p2, P2 are not collinear because 71 sends the lines through r onto the lines through
s and preserves {pa,P2}. Moreover, s is not collinear with py,ps because (17 ')e(p2) € {pa, P2} is a
proper point of P2. Hence there exists 7 € J, of degree 2 with base-point s, p, o (Lemma 3.3). The
map 771 € Jo, is of degree 3 with base-points 7, p1, p1, p2, Do. (I

Lemma 5.4. Let ¢ € P*(C) \ {p1,P1,p2, P2} be a non-real point such that C, = w5 (m5(q)) is ir-
reducible. Then there exists a real point r € P2(C) and f € J, of degree 2 or 3 with v among its
base-points such that

(1) f(Cq) =Cq
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n(E2)

FIGURE 2. The cubic transformation of Lemma 5.4

(2) fo(q) is infinitely near py corresponding to the tangent direction of f(Cy)
(3) either deg(f) = 3 and C, is irreducible or deg(f) =2 and C, is singular.

(4) qc LT7ﬁ2 .

Proof. Let L be the line passing through ¢, ps. Since C is irreducible, ¢ is not collinear with any of
p1,P1, P2, Po. It follows that L # L, and so L and L intersect in exactly one point r, which is a real
point.

If r is not collinear with any two of p1, p1, p2, P2, then Lemma 5.3 states that there exists f € 7, of
degree 3 with singular point 7. The line L is contracted onto p; or p;, ¢ € {1,2}. By composing with
elements of Autg(P?)N J,, we can assume that L is contracted onto p; and that f preserves the conic
Ly, p, U L, 5,, and thus induces the identity map on P! (Lemma 3.7), and therefore preserves C,. It
follows that f*(¢) is infinitely near p; and corresponds to the tangent direction of f(C,) = Cj.

If r is collinear with two of py, p1, p2, P2, it is collinear with py,p; and not collinear with any other
two. Lemma 3.3 implies that there exists f € 7, of degree 2 with base-points r, pa, p2, and we can choose
f such that the line L (through g, p2,7) is contracted onto py (then f({p1,p1}) = {p2,P2}) and such
that f(p1) = p2. Then fo(q) is infinitely near p;. We claim that f(C,) = Cj: Call f the automorphism
of P! induced by f. We calculate f=! (cf. proof of Lemma 3.7). Since f(Lpy ps) = Lpy p,, We see that
Flfus o) e (72 4 (ro +72)%)u = (12 4 (ro — 12)2)v], where r = [rg : 71 : 7). Since r € Ly, 5, , we have
ry =0 and so f~! = Id. In particular, f(C,) = C,. O

Remark 5.5. Let 01,02 € J, be special quintic transformations with S(60;) = {(¢:, @)} If Cy, = Cy,
or Cy, = Cg,, then q1 = g2 or q1 = @2 respectively. In particular, there exist a1, az € Jo N Autg(P?)
such that 63 = agf¢.

Lemma 5.6. Let 61,02 € J, be standard quintic transformations with S(0;) = {(¢;, @)}, i = 1,2.
Assume that Cq, = Cy, or Cq, = Cg,.
Then there exist T1,...,78 € Jo of degree < 2 such that 03 = 18-+ - 50174+ - T1.

Proof. By exchanging the names of ¢2, G2, we can assume that C;, = Cy,. It suffices to show that there
exist g1,...,94 € J, of degree < 3 such that 0, = g49301 9292, since every element of J, of degree 3
can be written as a product of two qudratic elements of J,. We give an explicit construction of the
gi’s.

According to Lemma 5.4 there exist for ¢ = 1,2 a real point r; and f; € J, of degree d; € {2,3}
with base-point 7; such that f; preserves Cy, and t; := (fi)e(g;) is infinitely near p; corresponding to
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the tangent direction of Cy, and that ¢; € L,, 5, =: L. Since C,, is real, r; is not on a conic contracted
by 0;, and so s; := (0;)e(r;) = 0;(r;) is a proper point of P2

If C,, is irreducible (and hence d; = 3), then r; is not collinear with any two of p1,..., P2, and so
s; is not collinear with any two of py,...,ps either. Therefore, there exists h; € J, of degree 3 with
singular base-point s; (Lemma 5.3). If C,, is singular (and hence d; = 2), then r; € L,, 5,, and so
5i € 0;(Lp, p,) = Lyp, p, for some j € {1,2}. Therefore, there exists h; € J, of degree 2 with base-points
Si,P3—j,P3—; (Lemma 3.3).

By composing h; with elements in JoNAutg (P?), we can assume that h; sends the line ;(L,, 5,) onto
p1 (Remark 5.2). Then h;0;(f;)~! € J, is of degree 5. Its base-points are py, p1, p2, b2, (fi)e (@), (fi)e(T),
where the latter ones are infinitely near p;,p; corresponding to the tangent direction of C,,Cg,.
By Remark 5.5, h161(f1)~! and hofa(f2)~! have exactly the same base-points, hence hi61(f1)~! =
Bhola(f2) e for some o, 8 € Autg(P?) N Jo. In particular, 83 = (ho) 187 hi01(f1) ‘o=l fs. The
claim follows with g1 = a=1fa, g2 = (f1)7 !, g3 = B thy, g4 = (h2) L. O

Lemma 5.7. Let 01,0, € J, be a standard and a special quintic transformation respecitvely with
S(0;) = {(g:,q)}- Assume that Cqy = Cy, or Cy, = Cl,.
Then there exists T1,...,74 € Jo of degree < 2 such that 0 = 1413017271 .

Proof. By exchanging the names of ¢1, 41, g2, G2, we can assume that C, = Cy, and that g5 is infinitely
near p;, ¢ € {1,2}. By Lemma 5.4 there exists f € J, of degree d € {2, 3} such that f(Cy,) = Cq, = Cy,
and fe(q1) is infinitely near p;. Let r be the real base-point of f. Since r is real, it is not on a conic
contracted by 61, and so (6;)e(r) = 61(r) is a proper point of P2

If C,. is irreducible (i.e. d = 3), the conic 6;(C;) = Cy(,) is irreducible as well. By Lemma 5.3 there
exists g € Jo of degree 3 with double point 6 (r). If C,. is singular (i.e. d = 2), the conic 6, (C;) = Cy(ry
is singular as well. By Lemma 3.3 there exists g € J, of degree 2 with §(r) among its base-points.

The map g1 f~! is of degree 5 with base-points py, P1, P2, P2, fe(q1), fo(q1), where the latter two
are infinitely near p;,p; corresponding to the tangent directions C,;, = C,,Cy,. Hence there exists
a € Autg(P?) N J, such that aghy f~1 = 6,. The claim follows from the fact that we can write f, g as
composition of at most two quadratic transformations in 7. O

5.2. The normal subgroup generated by Autg(P?). Lemma 5.6 implies that if two standard
or special quintic transformations 61,60, contract the same conics through pi,p1, p2, P2, then 65 is
obtained from 6; by composing with suitable quadratic transformations. So, one step of proving that
ker(p) = ((Autg(P?))) is to see that all quadratic transformations are contained in ({Autg(P?))).

Lemma 5.8. Any quadratic map in Birg(P?) is contained in {{Autg(P?))).

Proof. Let 7 € Birg(IP2) be of degree 2. Pick two base-points ¢i, g2 of 7 that are either a pair of non-real
conjugate points or two real base-points, such that either both are proper points of P? or ¢, is a proper
point of P2 and ¢ is in the first neighbourhood of ¢;. Let t1,ts be base-points of 77! such that 7 sends
the pencil of conics through q;, g2 onto the pencil of conics through ¢1, 5. Pick a general point r € P?
and let s := 7(r). There exists o € Autg(PP?) that sends ¢y, g2 onto t1,%, and exchanges r, s. The map
7 := 7o is of degree 2, fixes s, and t;,t, are base-points of 7 and 7~ 1.

Since r is general, also s is general, and there exists § € Birg(PP2) of degree 2 with base-points
t1,t2, s. Observe that the map 670! is linear. In particular, 7 is contained in ((Autg(P?))). O

Recall that J, is contained in ker(y). Using Lemma 5.8, we now prove that J. is contained in
((Autgr(P?))):

Lemma 5.9. The group J. is generated by its quadratic and linear elements. In particular, J. C
((Autg(P?))).

Proof. Let f € J.. We do induction on the degree d = deg(f) of f. If f is linear or quadratic, there is
nothing to do. So, we can assume that d > 3.

Case 1: Assume that there exist two simple base-points g1,q2 of f that are proper points of P2
and either non-real conjugate points or both real points. The points [1 : 0 : 0], ¢1, g2 are not collinear
by Bézout, hence there exists a quadratic map 7 € J, with base-points [1 : 0 : 0], 1, ¢2. The map
fr~t e J. is of degree d — 1.
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Case 2: Assume that f has exactly one simple (real) base-point ¢ that is a proper point of P2. Let
r be a general real point in P2. There exists 7y € J, of degree 2 with base-points [1 : 0 : 0],¢,r and
the map f(71)~! € J. is of degree d. If ¢ is a base-point of f in the first neighbourhood of [1: 0 : 0] or
q, then (71)®(t) is a base-point of f(1)~! that is a proper point of P2. Thus f(71)~! has at least two
simple base-points that are proper points of P? and either non-real conjuagte points (if ¢ is non-real)
or both real (if ¢ is real). We proceed as above.

Case 3: Assume that f has no simple proper base-points at all, i.e. any simple base-point is infinitely
near [1:0:0].

o If there are at least two base-points g1, g2 in the first neighbourhood of [1: 0 : 0], let r, s € P? be
general points. There exists 7 € J, of degree 2 with base-points [1: 0:0],7,s. Call [1:0:0],7/,s" the
base-points of (71)~!. The map f(71)~ ! is of degree d + 1. We may assume that ¢, g are both real or
a pair of non-real conjugate points. Then (71)e(q1), (71)e(g2) are proper points of P? and base-points of
f(r1)~t. Since [1: 0:0],71(q1), 71(g2) are not collinear, there exists 72 € J, of degree 2 with base-points
[1:0:0],71(q1), 71(g2). The map f(1)"(r2) "t is of degree d. We claim that the image by (72)e(71)®
of all base-points of f different from ¢, g2 in the first neighbourhood of [1 : 0 : 0] or of g1, ¢y are
base-points of f(71)_1(m2)~! that are proper points of P? or are in the 15* neighbourhood of [1: 0 : 0]:
Indeed, let t be a base-point of f in the 15¢ neighbourhood of [1: 0 : 0] or ;. Then (71)e(t) is either a
proper point of P2 on the line L, ¢ or is infinitely near 71 (g;1). By Bézout, [1:0: 0], 71(q1), (71)e(t) are
not collinear. It follows that (72)e((71)e(t)) is either in the 15 neighbourhood of [1: 0 : 0] (if ¢ is in the
15t neighbourhood of [1 : 0 : 0] or ¢; and proximate to [1: 0 : 0]) or a proper point of P? (if ¢ is in the 15¢
neighbourhood of ¢; but not proximate to [1 : 0 : 0]). The situation is visualised in the following picture:

[1:0:0]

FIGURE: The quadratic maps 71, 72, and the possibilities for the point (72)e((71)e(t)).

Since not all base-points of f are proximate to [1 : 0 : 0], we can repeat all of this until we obtain
an element of 7, of degree d with simple proper base-points. We continue as in Case 1 or Case 2.

o If there is exactly one base-point ¢ of f in the first neighbourhood of [1 : 0 : 0], then in particular,
q is a real point. Let 7 € P2 be a general real point. There exists 7 € J, of degree 2 with base-points
[1:0:0],¢q,7. The map fr~! € J, is of degree d and the image by 7, of any base-point in the first
neighbourhood of ¢ is a base-points of fr~! in the first neighbourhood of [1 : 0 : 0]. We repeat this
step until we reach one of the above cases or until we obtain a linear map. O

5.3. The kernel is equal to ((Autg(P?))). It now remains to actually prove that ker(p) = ((Autg(P?))).
Take an element of ker(y). It is the composition of linear, quadratic and standard and special quintic
elements (Lemma 3.6). The next three lemmata show that we can choose the order of the linear, qua-
dratic and standard and special quintic elements so that the ones belonging to the same coset are just
one after another. These lemmata will be the remaining ingredients to prove that ker(¢) = ((Autg(P?)))

Lemma 5.10. Let 7,0 € J, be a quadratic and a standard (07“ special) quintic transformation re-
spectively. Then there exist 71,72 € Jo of degree 2 and 0,,0, € J, standard (or special quintic)
transformations such that 760 = 917'1 and 01 = 7292, i.e. we can "permute” T,0.

Proof. The map 7! has base-points p;, p;, r, for some r € P?(R), i € {1,2}. Since r is not on a conic
contracted by 6, the point 0e(r) = (r) is a proper point of P? that is a base-point of (67)~1. Let
pj, be the image by 0 of the contracted conic not passing through p;. The map 67 is of degree 6 and
Ppj;» Pj; are base-points of (67)~1 of multiplicity 3. By Lemma 3.3 there exists 7 € J, of degree 2 with
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base-points 6(r), pj,, pj,- The map 0 := 707 € J, is a standard (or special) quintic transformation. We
put 72 := 771, 0y := 0. A similar construction yields 1, 7. O

Lemma 5.11. Let 61,05 € Jo be standard or special quintic transformations (both can be either) such
that po(01) # wo(02). Then there exist 05,04 € T, standard or special quintic transformations, such
that

0201 = 0403,  o(01) = ¢o(0s), @o(f2) = ¢o(03)

i.e. we can “permute” 01,05.

Proof. Let S(01) = {(p3,P3)} and S(02) = {(p4,Pa)}. By definition of ¢o the assumption ¢o(61) #
o (02) implies ps ¢ Cp, U Cp,.

The point ps := ((01)"1)e(p4) is either a proper point of P2 or in the first neighbourhood of one
of p1,p1,p2, D2. Because py, pa, p1,P1, P2, P2 are not on one conic, the points ps, ps, p1,- .., P2 are not
on one conic. So, there exists a standard or special quintic transformation 03 € J, with base-points
P1,-- -, D2, D5, P5. The map 04 := 0201(03)~! € J, is a standard or special quintic transformation. In
fact, its inverse has base-points p1, ..., D2, (02)e(P3), (02)e(P3). We have by construction 020 = 6,405.
The equalities o (61) = o (64) and o (02) = o (03) follow from the construction and Remark 3.11 (7).

([l

Lemma 5.12. Let 64,605 € J, be standard or special quintic transformations (both can be either) such
that ©o(01) = wo(62). Then 01(02)~F € ((Autr(P?))).

Proof. Let S(01) = {(ps,P3)} and S(02) = {(ps,Pa)}. The assumption @g(f1) = @o(f2) implies that
there exists some A\ € R+ such that 76 (Cpy) = Ao (Cp,) or 76 (Cp,) = Amo(Cp,) in P1. By Lemma 3.7
there exist 71 € Jo of degree 2 such that 7, (71(Cp,)) = me(Cp,) (resp. mo(Cp,)), ie. T1(Cp,) = Cp,
(resp. Cp,). Let 1 be the real base-points of 7. Since C, is a real conic, it is not contracted by ¢, and
hence (01)e(r) = 61(r) is a proper point of P? and a base-point of (§;71) 1. Let p;, be the image by 6; of
the contracted conic not passing through p;. The map 6;7; is of degree 6 and p;,, p;, are base-points of
(6171) 7! of multiplicity 3. By Lemma 3.3 there exists 75 € Jo of degree 2 with base-points 0(r), p;,, j, -
The map 760171 € J, is a standard or special quintic transformation contracting the conics Cj,, Cj, .
Hence, by Lemma 5.6, Remark 5.5 and Lemma 5.7, there exist v1,...,v, € Jo of degree < 2 such
that 0o = Vo, -+ Vi1 (72017, )V - - v1. Then

01(02) 7" = (61(vm - 1) " ()07 ) (72) " (vam - V)

By Lemma 5.8, all quadratic elements of J, belong to ((Autg(P?))), so 61(62)~! is contained in
((Autg(P?))). O

Proposition 5.13. Let p: Birg(P?) — @y Z/27Z be the surjective group homomorphism defined in
Theorem 4.3. Then

ker(p) = ((Autg (P?)))

Proof. By definition of ¢ (see Proposition 4.3), Autg(P?) is contained in ker(ip), hence ((Autg(P?))) C
ker(¢). Lets prove the other inclusion. Consider the commutative diagram from Proposition 4.3:

Autg(P?) x J, * Jo — G ~ Birg(P?)

Pz/2z
R

It follows that ker(¢) = m(ker(®)), which is the normal subgroup generated by Autg(P?), 7, and
ker(p,). Moreover, Autg(P?) and J, are contained in ((Autg(P?))) (Lemma 5.9), thus it suffices to
prove that ker(yg) is contained in ((Autg(P?))).

By Lemma 3.6, every f € ker(¢,) is the composition of linear, quadratic and standard quintic
elements of J,. Note that a quadratic or quintic element composed with a linear element is still a
quadratic or standard quintic element respectively, so we can assume that f decomposes into quadratic
and standard quintic elements. For every 6 € R the number of standard quintic elements in the
decomposition of f with image e;s is even. According to Lemma 5.10 and Lemma 5.11, we can write
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f as a composition of quadratic, and standard and special quintic transformations, such that for each
6 € R, all the standard and special quintic transformations with image es are next to each other.
In particular, for any § the number of standard and special quintic transformations next to each
other that are sent onto es is even. It follows from Lemma 5.12, Lemma 5.8 and ¢q(f) = @q(60~1)
(Remark 3.11 (6)) that f € ((Autg(P?))). O

Corollary 5.14. We have

((Autg(P?))) = ker(p) = [Birg(P?), Birg (P?)]
Proof. The first equality is Proposition 5.13. The normal subgroup [Birg (P?), Birg(P?)] contains non-
trivial linear elements, and since Autg(P?) is a simple group, [Birg(P?), Birg(P?)] contains Autg(IP?)

and therefore also ((Autg(P?))). Thus, the Abelianisation homomorphism factors through ¢. As ¢ is
a homomorphism onto an Abelian group it implies that ¢ is the Abelianisation homomorphism. [

Corollary 5.15 (Corollary 1.3). The sequence of iterated commutated subgroups of Birg (P?) is sta-
tionary. More specifically: Let H := [Birg (P?), Birg (P?)]. Then [H,H] = H.

Proof. Since Autg(P?) C H, the group [H, H| contains non-trivial elements of Autg (P?). But Autg(P?)
is simple, hence Autg(P?) C [H, H]. By Corollary 5.14, we have
H = ((Autg(P?))) C [H, H].
]
Theorem 5.16 (Theorem 1.2). The group Birg(P?) is not perfect: its Abelianisation is isomorphic to

Birg (P?)/[Birg (P?), Birg (P*)] ~ €D Z/2Z.

Moreover, the commutator subgroup of [Birg (P?), Birg (P?)] is the normal subgroup generated by Autg (P?) =
PGL3(R), and contains all elements of Birg(P?) of degree < 4.

Proof. Follows from Proposition 4.3, Proposition 5.13 and Corollary 5.14. |

Remark 5.17. The kernel of ¢ is the normal subgroup N generated by all squares in Birg(P?): On
one hand, for any group G, its commutator subgroup [G, G| is contained in the normal subgroup of
G generated by all squares. On the other hand, since @y Z/27Z is Abelian and all its elements are of
order 2, the normal subgroup of Birg(P?) generated by the squares is contained in ker(). The claim
now follows from ker(p) = [Birg(P?), Birg (P?)] (Corollary 5.14).

Remark 5.18. Endowed with the Zariski topology or the Euclidean topology (see [BF2013]), the
group Birg(P?) does not contain any non-trivial proper closed normal subgroups and ({(Autg(P?))) is
dense in Birg(P?) [BZ2015]. In particular, the quotient topology on @y Z/2Z is the trivial topology.

6. PRESENTATION OF Birg(P?) BY GENERATING SETS AND RELATIONS

This section is devoted to the rather technical proof of Proposition 2.9. We remind of the notation
pr:=1[1:9:0],pg:=[0:1:4].
Recall that Birg(P?) is generated by Autg(P?), 7., Jo (Corollary 2.6).
Consider Fs, the free group generated by the set
S = Autg(P*) U J, U .
There is a natural word map w: S — Fg, sending an element to its corresponding word.

Remark 6.1. Let G as in Definition 2.7. There exists a natural surjective homomorphism G —
Birg(P?). By abuse of notation, we also denote by

w: AutrUT, UJs — G
the composition of S — Fg with the canonical projection Fg — G.

Remark 6.2. In the proof that G ~ Birg(P?) (Proposition 2.9) the relations given in the definition
of G (list in Definition 2.7) mostly turn up in the form of the following examples:
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(1) Let 8 € J, be a standard quintic transformation (see Definition 2.2). Call its base-points
p1,P1, P2, P2, P3, P3, and the base-points of its inverse py, p1, p2, P2, P4, P4 Where p3, py are non-
real proper points of P2. There exist i,j € {1,2} such that § sends the pencil of conics pass-
ing through p;, p;, ps, s onto the pencil of conics passing through p;,D;,pa,Ds. Let aq, 00 €
Autg(P?) such that a; sends the set {p1, D1, D2, P2} onto {p;, i, p3, 3}, and ay sends the set
{p;,Dj, pa,Pa} onto the set {p1,P1,p2, P2}, @ € {1,2}. Then azba; € J; is a standard quintic
transformation. The relation w(ag)w(f)w(ay) = w(azfa;) holds in G (Definition 2.7 (1)).

(2) Let 7 € J, be of degree 2 or 3. Let r be the real base-point of 7 and s the real base-point
of 771, Observe that T sends the pencil of lines through r onto the pencil of lines through s.
There exist a;,as € Autg(P?) such that (ay)~!(r) = [1:0: 0] = as(s). Then asTay is an
element of 7, and the relation w(ag)w(T)w(a1) = w(aze7a;) holds in G (Definition 2.7 (2)) .

(3) Let 71,72 € Jo of degree 2 with base-points p;, p;, 7 and pj, p;, s respectively, and o € Autg (P?)
such that a(p;) = p; and a(r) = s. Then Tor(71) ™! is linear. The relation w(m2)w(a)w((m) 1) =
w(rea(r1)™1) holds in G ((Definition 2.7 (2)).

(4) Let 71,72 € J. be of degree 2 with base-points p := [1: 0 : 0],r1,72 and p, s1, $2 respectively,
and a € Autg(P?) with a(r;) = s; but a(p) # p (ie. a ¢ J.). Suppose that the base-
points of (11) L, (72) ! are p, 7}, rh and p, s}, s, respectively. Then 73 := Toa(71) ! is quadratic
with base-points 7,75, 71 (a1 (p)) and its inverse has base-points s/, s, 72(a(p)). There exist
B, B2 € Autgr(P?), 73 € J, of degree 2 such that 73 = B27333. The relation w(B2)w(73)w(B2) =
w(me)w(a)w(ry) holds in G (Definition 2.7 (3)).

Remark 6.3. Suppose 01,02 € J, are special quintic transformations (see Definition 3.4). If there
exist a1, an € Aut]R(IP’Z) such that 0> = as6y ;1 then aq, as permute pq, p1, p2, P2 and are thus contained
in J,. So, the relation

w(f) = w(a)w(@)w(as) if Oy = asfiay in Birg(P?)
is true in G and even in the generalised amalgamated product of AutR(IP’Q) J«, Jo along all the pairwise
intersections.

Lookout 6.4. We are going to look at the following three situations: Let g € Autg(P?) and f,h €
Birg (P?) belonging to J, or being standard quintic transformations.
Suppose that A is a real linear system of degree D := deg(A) and that
deg(h™'(A)) < D, deg(fg(A)) <D

We want to find 04, ...,0, € Autg(P?) U J. U J, such that w(f)w(g)w(h) = w(b,) - w(0:)

A—2=g(A)
7 N

Ve
b, \\f
7/ N

0, >
e
and such that the successive images of h~!(A) have degree < D or such that the degree certain elements

0; € J. drop (Lemma 6.7, Lemma 6.10, Lemma 6.11).
This will then be the key ingredient to prove that G is isomorphic to Birg(P?) (Proposition 6.12).

Lemma 6.5. Let f € J. UJ, be non-linear and A be a real linear system of degree deg(A) = D.
Suppose that

deg(f(A)) <D (resp. deg(f(A)) < D).
(1) If f € T, there exist two real or a pair of non-real conjugate base-points q1,q2 of [ such that
ma([1:0:0])+ma(q1) + malge) > D (resp. > D)

(2) Suppose that f € Jo. Then there exists a base-point ¢ & {p1,...,P2} of f of multiplicity 2 such
that

(2.1) ma(p1) +ma(p2) + malq) > D (resp. > D)
or f has a simple base-point v and there exists i € {1,2} such that

(2.2) 2ma(pi) + ma(r) > D (resp. >).
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Moreover, if inequality (2.1) does not hold, we can replace > with > in (2.2) if deg(f) > 2.

Proof. Define d := deg(f) to be the degree of f.

(1) Suppose that f € J.. Its characteristic is (d;d — 1,12472). Let r1,...,724_2 be its simple base-
points. Since non-real base-points come in pairs, f has an even number N of real base-points. Call
m; := ma(r;) the multiplicity of A in r; and mg = ma([1 : 0: 0]) the one in [1 : 0 : 0]. We order the

base-points such that either ro; _1,7r9; are real or ro; = 79,1 fori =1,...,d — 1. Then
d—1
D > deg(f(A)) =dD — (d — 1)mg — > _(ma;_1 + ma;)
i=1
d—1
=D+ Z(D — Mo — Mai—1 — M2;)
i=1

Hence there exists 4o such that D < mg — ma;,—1 — ma;i,. The claim for ”>" follows analogously.

(2) Suppose that f € J,. By Lemma 3.1, its characteristic is (d; %4, 2%) or (d; %2, %2, 2%, 1).

Assume that f has no simple base-point. Call 71, ...,7(4_1)/2 its base-points of multiplicity 2. Let
m,; := ma(p;) be the multiplicity of A in p;, ¢ = 1,2 and a; := ma(r;) the one in r;. Then

(d-1)/2
d—1 d—1
Dzdeg(f(A)):dD—le'T—ZmQ-T—Q a;
i=1
(d—1)/2
=D+2 Z (D—ml—mg—ai)
i=1

which implies that there exists g such that 0 > D — mq — ma — a;,. The claim for ”>" follows
analogously.

Assume that f has a simple base-point 7. Let rq,...,7q—2)/2 be its base-points of multiplicity 2,
a; := mu(r;) the multiplicity of A in 7;, and m; := ma(p;) the one in p;. Then

d d—2 (d—2)/2
D > deg(f(A)) = dD = 2m; - 5 —2my - —— — (2 ; a;) — ma(r)
(d-2)/2
=D+ (D—2m; —ma(r)) +2 > (D —m; —mi— a;)
=1

where {j,k} = {1,2}. The inequality implies there exist i such that 0 > D —m; — my, — a;, or that
0> D —2m; — ma(r). The claim for ”>” follows analougously.

Suppose that 0 < D —m; — my — a; for all ¢ = 1,...,92 je. , 1 < D —mj —my — a; for all

2

1=1,..., %. We obtain from the calculations above that
(d—2)/2
0> (D—2m; —muy(r))+2 Z (D —mj —mg — a;)
i=1

> (D —2m,; —ma(r) + (d - 2)
Assume that d > 2, i.e. since d is even here, d > 4. The inequality above implies
—2>—(d—2)>D—2m; —ma(r)
and so
2m; +mp(r) > D+2> D.
O
Notation 6.6. For a pair of non-real points ¢, ¢ € P? or infinitely near, we denote by q the set {q, 7}.

Lemma 6.7. Let f,h € J, be standard or special quintic transformations, g € Autg(P?) and A be a
real linear system of degree D. Suppose that

deg(h™'(A)) <D and deg(fg(A)) < D.
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Then there exists 01 € Autg(P?), 0s,...,0, € Autgr(P?) U J, such that
(1) w(Hw(g)w(h) =w(0y)---w(B1) holds in G, i.e. the following diagram corresponds to a relation

in G:
A—2=g(A)
7 N
h, 7 \\f
7/ N
e 0,
h=H(A) > —— "> fg(A)

(2) deg(0;---01h"Y(A) < D fori=2,...,n.

Proof. The maps h~! and f have base-points p1, pi, p2, P2, P3, P3 and p1, Pi, P2, P2, Pa, Pa respectively, for
some non-real points p3, p4 that are in P? or infinitely near one of py, . .., 2. Denote by m(q) := ma(q)
the multiplicity of A at ¢. According to Lemma 6.5 we have

(Ineq”) m(p1) +m(p2) +m(p3) > D, mga)(p1) +mga)(p2) +mga)(ps) > D

We choose t1, ta, t3 with {t1,te,t3} = {p1,p2,ps} such that m(ry) > m(ry) > m(rs) and such that if
r; is infinitely near r;, then j < i. Similarly, we choose t4, t5, v with {ts,vs5,v6} = g1 ({p1,p2,pa}). In
particular, 71,74 are proper points of P2.

The two inequalities (Ineq”) translate to

(Ineq') m(r1) +m(rz) + m(rs) =2 D, m(rs) + m(rs) + m(rg) > D

We now look at four cases, depending of the number of common base-points of fg and h~1.

Case 0: If =1 and fg have six common base-points, then « := fgh is linear and w(g)w(h)w(a™1) =
w(f~1) (Definition 2.7 (1)).

Case 1: Suppose that h™! and fg have exactly four common base-points. There exists oy € Autg(P?)
such that a; sends the common base-points onto py, ..., ps if all the common points are proper points
of P2, and onto p;, p;, p3, p3 if ps,P3 are infinitely near p;,p; (cf. Remark 6.2). There exist as, as €
Autg(P?) such that f := azfg(a1)~! € J, and h := a1hay € J, (see Lemma 2.5). The commutative
diagram

—

~

() =5 ah ™ (M) - = = an (A) - —=asfg(h) < f9(A)
~ 7
S 02 -7

— —

is generated by relations in G (Definition 2.7 (1), Remark 6.2, Remark 6.3). Write 6y := fh € J,. The
claim now follows with 6 := ay, 02, 03 := (a3)~ L.

Case 2: Suppose that the set v1 Uto Uty Uty consists of 6 points 14y, Ty, ..., Tig, Tig-
If at least four of them are proper points of P2, inequality (Ineq') yields
2m(r;,) + 2m(rs,) +2m(ry,) > D,

which implies that the six points r;,,7;,,..., 7,7, are not contained in one conic. By this and by
the chosen ordering of the points, there exists a standard or special quintic transformation 6 € 7o,
a € Autg(P?) such that those six points are the base-points of fa.. By construction, we have

deg(fa(A)) = 5D — dm(r;, ) — dm(ry,) — dm(ry,) < D,
and h~!,0a and fa, fg each have four common base-points. We apply Case 1 to h,a,f and to
0~ ga”l, f.
If only two of the six points are proper points of P?, then the chosen ordering yields q = t; = t4 and
the points in vo Uts are infinitely near points. Since h, f are standard or special quintic transformations,
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it follows that rs, 7 are both proper points of P2. We choose i € {3,6}, j € {2,5} with m(r;) =
max{m(rs),m(re¢)} and m(r;) = max{m(rz), m(rs)}. We have

2m(ry) + 2m(r;) + 2m(r;) > 2m(ry) + 2m(rs) + 2m(re) > D.

Thus the six points in t; Ut; Ut; are not contained on one conic and there exists a standard or special
quintic transformation 6 € J,, o € Autg(P?) such that the base-points of f are v; Ut; Ut;. Again,
the maps h~!, fa and fa, fg have four common base-points, deg(fa(A)) < D and we apply Case 1 to
h,a,0 and to 71, ga™ 1, f.

Case 3: Suppose that v1 Uty Uty Uty consists of eight points. Then t1 Uts Uty and vy Uty Uty each
consist of six points. We have by inequality Ineq' and by the chosen ordering that

2m(r1) + 2m(ra) + 2m(ry) > 2D, 2m(r1) 4+ 2m(rs) + 2m(rs) > 2D,

so the points in each set t; Uty Uty and tp Uty Uty are not on one conic. Moreover, at least four
points in each set are proper points of P? (ry,74 € P2). Therefore, there exist standard or special
quintic transformations 61,0y € Jo, a1, as € Autg(P?) such that 61a; (resp. f2a) has base-points
t; Uty Uty (tesp. t; Uty Uts). Then deg(6;c;(A)) < D and we can apply Case 1 to h,a; "', 0; and to
(01)71,(12(041)71,92 and to (92)71,g(a2)717f. U

Remark 6.8. Let f € J., and ¢1, g2 two simple base-points of f. Then by Bézout, the points [1: 0 :
0], q1, g2 are not collinear. (This means that they do not belong, as proper points of P? or infinitely
near points, to the same line.)

Notation 6.9. In the following diagrams, the points in the brackets are the base-points of the corre-
sponding birational map (arrow). A dashed arrow indicates a birational map, and a drawn out arrow
a linear tranformation.

Lemma 6.10. Let f,h € J., g € Autg(P?) and A be a real linear system of degree D. Suppose that
deg(h'(A)) < D, deg(fg(A)) <D

Then there exist 01, ..., 0, € Autr(P?) U J. U J, such that

(1) w(Hw(g)w(h) = w(by)---w(b1) holds in G, i.e. the following commutative diagram corre-
sponds to a relation in G:

A—7>g(A)
7 N
b7 \\f
/9 0 s
) - e

(2) 01 € Autg(P?), deg(6; ---01h~*(A)) < D fori=2,...,n
(3) or 01 € J., 02 € Autg(P?), deg(61) = deg(h) — 1 and

deg(01(A)) = deg(6201(A)) < D
deg(;---0.h"Y(A)) < D, i=3,...,n.

Proof. If g € J. then w(f)w(g)w(h) = w(fgh) in Ji. So, lets assume that g ¢ J.. Let p := [I :
0:0],qg:= g '([1:0:0]). Let m(q) be the multiplicity of A in q. By Lemma 6.5 there exists r1, 72
base-points of h~! and s;, sy base-points of fg such that

(%) m(p) +m(r1) +m(r2) > D, m(q) +m(s1) +m(s2) > D

and either r1,75 (resp. s1,s2) are both real or a pair of non-real conjugate points. We can assume
that m(ry) > m(re), m(s1) > m(sz) and that r; (resp. s1) is a proper point of P? or in the first
neighbourhood of p (resp. ¢) and that ro (resp. s3) is a proper point of P? or in the first neighbourhood
of p (resp. q) or r1 (resp. $1).

Note that if deg(h~*(A)) < D, then by Lemma 6.5 ”>" holds in all inequalities. We split the
remain of the proof into three Situations, depending on whether or not there exist 71,72 € Birg(P?)
with base-point p, 71,72 and p = g(q), g(s1), g(s2) respectively.
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- Situation 1 - Assume that there exist 71,70 € J« of degree 2 with base-points p,r1,7m2 and
p=9(q),9(s1), g(s2) respectively, and that 11,729 have common base-points.
Observe that 71 h, f(m2)~! € J, and deg(m1h) = deg(h) — 1, and by inequality (%) that
deg(71(A)) = 2D — m(p) — m(r1) —m(r2) < D,
deg(r29(A)) = 2D —m(q) — m(s1) — m(s2) <D

We are going to look at three cases, depending on the common base-points of 71, 7».
o If 71 and 7og have three common base-points, the map mg(m1)~! is linear. The commutative
diagram
AT ()
I
e
b | 71 | T2
- Y \ N
Y A) = = > 7 (A) —T7ag(A) - - &

is generated by relations in G (Definition 2.7 (2)), and the claim follows with 6, :=1Id, 62;= 11h, 03 :=
Tag(m1) 7Y, b4 = f(12) "t

e If 71 and 7»g have exactly two common base-points, the map 7og(71) ! is of degree 2 and there
exists ay, as € Autg(P?), 73 € J, such that mg(m1) ! = asma;.

The situation is summarised in the following commutative diagram

A g g(A)

h
- | N
L7 praral [9(a),g(s1),9(s2)N f
/ Y T2 \&
T: (%}

W) = 7)== aan(A) = P manni(A) S n(A) - - = fg(A)

Observe that is generated by relations in G (Definition 2.7 (3)) and that
deg(agm (A)) =deg(m(A)) < D, deg(msaimi(A)) = deg(m2(A)) < D.

The claim follows with 61 := 71k, 03 1= ay, 03 1= 73, 04 == ag, 05 := f(m2)" L.

e If 7y and 7og have exactly one common base-point, then 72g(7) ! is of degree 3 and there exists
ar,az € Autg(P?), 73 € J. of degree 3 such that 7g(71) ™! = aa73aq, which corresponds to a relation
in G (Definition 2.7 (3)). The situation can be visualised with the diagram of the previous case, and
here too, deg(agTi(A)) = deg(m1(A)) < D, deg(mzanmi(A)) = deg(m2(A)) < D. The claim follows, as
above, with 01 := 71 h, 0y := a1, 05 := 73, 04 := o, 05 := f(m) " .

- Situation 2 - As in Situation 1, we assume that there exist 71,70 € Jx of degree 2 with base-
points p,r1,r2 and p = g(q),g(s1), g(s2) respectively. Opposed to Situation 1, we now assume that
T1,Tag have no common base-points.

We put 6 := 71h,0, = f(m)"! and construct 0s,...,0, 1 as follows in the below three cases,
which depend on the r;’s and s;’s begin real point or non-real points:

o If 11,79, 51, S2 are real points, let {a1,as,as} = {p,r1,72} and {b1,b2,b3} = {g(q),9(s1),9(s2)}
such that m(a;) < m(a;+1) and m(b;) < m(bi+1), i = 1,2,3, and if a; (resp. b;) is infinitely near a;
(resp. bj) then j > i. From inequalities (J), we obtain

m(a1) + m(az) + m(b1) > D, m(a1)+ m(b1)+m(be) > D.

By them and the chosen ordering, there exists 73,74 € J, of degree 2, a1, as € AutR(IP’2) such that
T3(r1, T4o have base-points ai,aq,b; and aq, by, ba respectively. The situation is summarised in the
following commutative diagram

A g
_ - _ - | [alya2,bl] | ~ b b b\ ~
P la1,az,a3], |rscy  la1.b1,ba] e [\1, 2,b3] ~
7 s T1 ~ ~
/ s~ \l v T2 N A
h=H(A) (A) T3a1(A) Ta02g(A) T29(A) = = > fg(A)

——>7
deg(h)—1
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By construction of 13,74, we have
deg(msa1(A)) = 2D —m(a;) — m(az) — m(by) < D,
deg(rqa2g(A)) = 2D — m(ay) — m(by) —m(bs) < D

The maps 7, 731, the maps T3a1, 742 and the maps 749, 72 each have two common base-points, and
we proceed with each pair as in Situation 1 to obtain 6s,...,6,_1.
e Assume that ro = 71 and s1, s2 are real points. If m(q) > m(p), then

m(q) + 2m(r1) > D

hence ¢, 71,71 are not collinear and there exists 73 € J, of degree 2 with base-points g(g), g(r1), g(r2)-
If m(q) < m(p), then

m(p) +m(q) +m(s1) > m(q) +m(s1) +m(s2) > D

hence there exists 74 € J, of degree 2 with base-points p, g, s1. Note that 7o(73) 71, 74(71) "t € Ji. The
situation is summarised in the following commutative diagrams.

g
/\\ g(‘A)[g(tJ),y(51)79(Sz)] [p,r1,r2] ~ j‘\ - 9(‘/\)
I 19@hg(r)ug(ra)l o0 > 72 e ‘ [p,q,s1] -
~ s T T4
A % N ~ v v
1 (A) Tg(A) - ng(A), 71 (A) - = > T4(A) 7'29(/\)

By construction of 13,74, we have
deg(73g(A)) < D, deg(ra(A)) <D

The maps 71,739, the maps 74,709 are of degree 2 with one common base-point and we obtain
0o, ...,0,_1 as in Situation 1.

o If ro = 7, and sy = 51, then rq, 79, 51,5, are proper points of P2. Moreover, no three collinear:
Else, all four would be on one line and so 2m(r1) + 2m(s1) < D. But then the inequality (obtained
from inequalities (%))

(Ineq?) (m(p) + 2m(r1)) + (m(q) + 2m(s1)) > 2D

would imply m(p) +m(q) > D, which is impossible by Bézout. Since no three are collinear, there exists
a, B, € Autg(PP?) such that a(ry) = p1,a(s1) = p2 and 7| 1= fria"! € To, 7o i= yaga™t € T (see
Remark 6.2). These correspond to relations in G (Definition 2.7 (2)).

I
/ la | 2
1
Y

71(A) a(A) To(A)

N
| 71 ~ Y
v Sa
Bri(A) = = =729(A)
Note that 7»(71)~! € J, and we get from the inequalities at the very beginning of the proof that
deg(B171(A)) = deg(m1(A)) < D, deg(y729(A)) = deg(m29(A)) < D.

The claim follows with 6y := (3,03 := 7:2(7:1)_1,93 =0,_1= ’)/_1.

- Situation 3 - Assume that there exists no m, € J. or no 1o € J, of degree 2 with base-points
pyr1,7m2 and p = g(q), g(s1), g(s2) respectively.

We essentially look at two cases, depending on who of 7y, 15 exists:

e Assume that neither 7 nor 7 exists. Since p, 71,72 (resp. ¢, s1, s2) are not collinear by Lemma 6.8,
it follows that r1,79 are both proximate to p and s, s2 are both proximate to ¢ [AC2002, §2]. Then
m(p) > m(r1) + m(rz), and from Inequalities (%) we obtain 2m(p) > m(p) + m(r1) + m(re) > D.
Similarly we get 2m(q) > D. But then m(p) > % and m(q) > %, which is impossible by Bézout. So,
this case does not appear.
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e Assume that 7; exists, but 75 does not. As above, it follows that s1, s2 are both proximate to g
and hence m(q) > %. In particular, by Bézout,

m(q) > m(s1), m(s2),m(p), m(r1), m(rsa).
Furthermore, 71 h € J, and (from Inequalities (%))
deg(m1h) = deg(h) — 1, deg(m(A)) =2D —m(p) — m(r1) — m(re) < D.
We define #; := 7 h and construct 6s,...,6,.

If r1,79 are real, let {t1,ta,t3} = {p, 71,72} such that m(¢;) > m(t;+1) and such that if ¢; is infinitely
near t; then ¢ > j. By the chosen ordering, we have

2D D
m(tl) + m(tg) + m(q) > ? + 5 > D.
Moreover, t,t; are proper points of P2 or ¢, is in the first neighbourhood of ¢;, hence there exist
73 € Ji with base-points [1:0: 0] = g(q), g(t1), g(t2).
If ro = 71, then 1, 75 are proper points of P? (they are base-points of 71). We have from inequalities
(%) and m(g) > m(p) and that

m(q) + 2m(r1) > m(p) + 2m(ry) > D.
Thus there exists 74 € J, with base-points [1:0: 0] = g(q), g(r1), g(72).

A : 9(A)
et el g g el s S S
-7 v ORICIRTC) N
W (A =7 (A) rag(8)/m9(8) % - = fg()

The maps f(73)~! and f(74)~! are contained in J, and
deg(r3g(A)) = 2D — m(q) — m(t1) — m(t2) < D,
deg(r49(A)) = 2D —m(q) — 2m(r1) < D

Define 6 := f(73)~! (resp. = f(74)~!). We obtain 6, ...,60s by applying Situation 1 to 71,739 (resp.

T1,T49)-
e The case where 71 does not exist and 75 exists is treated similarly. ([l

Lemma 6.11. Let f € J, be a standard or special quintic transformation, h € J,, g € Autg(P?) and
A be a real linear system of degree D. Suppose that

deg(h™*(A)) < D, deg(fg(A)) <D
Then there exist 01, ..., 0, € Autg(P?) U J. U J, such that

(1) w(fH)w(g)w(h) = w(0y,) - w(f1) holds in G, i.e. the following commutative diagram corre-
sponds to a relation in G:

A—7>g(A)
7 N
b, 7 \\f
//9 6 s
hH(A) = — > — — "> fg(A)

(2) 01 € Autg(P?), deg(6; ---01h~*(A)) < D fori=2,...,n
or 0y € T, 02 € Autg(P?), deg(61) = deg(h) — 1 and

deg(01(A)) = deg(6201(A)) < D,
deg(@,@lhfl(A)) <D, 223,,77,

(3) If h € Js is a standard or special quintic transformation and f € J., the same statements
holds with
0, € AutR(IP’2), deg(@l s th_l(A)) <D,i=2,....n
If deg(h™'(A)) < D, then "<” holds everywhere.
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Proof. We only look at the situation, where f € [J,, h € Js, since for f € J,, h € J, the proof works
similarly.

Let p:=[1:0:0], and define m(q) := ma(q) to be the multiplicity of A at ¢. Call p1, ..., P2, ps, D3
the base-points of f. By Lemma 6.5 we have

(Ineq?®) m(p1) +m(p2) + m(ps) > D
By Lemma 6.5 there exist two real or two non-real conjugate base-points 71,72 of h, such that
(Ineq*) m(p) + m(r1) +m(r2) > D

Note that if deg(h~1(A)) < D, then ”>” holds everywhere (Lemma 6.5) and we will have " <" every-
where.

We order 1,79 such that m(ry) > m(rz) and such that r; is a proper point of P? or infinitely near
p and 73 is a proper base-point of P? or infinitely near p or ry. Let §; Usy Usg = g~ (p; Upa Up3) such
that m(s1) > m(s2) > m(s3) and if s; is infinitely near s;, then ¢ > j. In particular, s; is a proper
point of P2. We now look at two cases, depending on whether r;, 7, are real or not. Inequality (Ineq3)
translates to

(Ineq”) m(s1) +m(s2) + m(s3) > D
We look at two cases, depending on whether 71,75 are real or not.

Case 1: Suppose that 1, 72 are real points. Let t € {p, r1, 72 }NP? such that m(t) = max{m(p), m(r1), m(r2)}.
Then
m(t) +2m(s1) > D
There exists 7 € J, of degree 2, a € Autg(P?) such that 6o has base-points , s1, §1. There exists

B1, B2, B3 € Autg(P?) such that 7 := Big(ra) '8, f = B3f(B2)"! € Jo (see Remark 6.2). The
situation is summarised in the following commutative diagram:

g

A—sgA)— — - — _
_ 7 1las1,5] 9(A) = \f\
h =<
_ - | T B ~ _ -
-1 ¢ v 1 T f B3 x
h=(A) Ta(A) <—- ()" TalA) = == == > B3 fg(A) <—— fg(A)
~ 7

—

It is generated by relations in G (Definition 2.7 (2)). Mo;eavgr,/
deg((81) " 'ra(A)) = deg(ra(A)) = 2D —m(q) — 2m(s1) < D

The claim now follows from applying Lemma 6.10 to h, a, 7.

Case 2: Assume that ro = 7. If 1,7 € §1 U 55 U s9, then in particular, 1,7, are proper points of
P2, and by Remark 6.8 the points p,r;,7; are not collinear. So, there exists 7 € J, of degree 2 with
base-points p, r1,71. Let ay, as, a3 € J, such that 7 := astay € Jo, f = azfga; € Jo. The situation
is summarised in the following commutative diagram:

h(A) : g9(A)

N
h /1 ! oy ~ f
- | N
- ~
- | EN

. (a1)~1(A) fg(A)

I
AN | ~
I

\ o
I 7 /
Y i S A

T(A) —= F(a1)"H(A) - — = asfg(A)

~
deg(h)—1 ™

It is generated by relations in G (Definition 2.7 (2)). Note that deg(7h) = deg(h) — 1 and
deg(7(a1) "' (A)) = deg(T(A)) < D, deg(azfgh(A)) = deg(fg(A)) < D

The claim follows with 01 := Th, 0 := s, 03 := f%,94 = (a3)7 L.
So, lets assume that r1,71 ¢ 51 U2 U 9.
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o If m(p) < m(ry), then in particular 71,7, are proper points of P? and there exists 7 € J, with
base-points p, r1, 71. Remark that

deg(7(A)) < D, deg(rh) = deg(h) — 1.
Furthermore, from inequality (Ineq”) and the order of the s;’s we derive the inequality 2m(r;) +
2m(s1)+2m(s2) > 2D. Since moreover rq, s1 are proper points of P2, there exists a standard or special

quintic transformation 6 € J,, o € Autr(P?) such that o has base-points g(t; U 51 U s7). Consider
the following diagram

A———g(A)
[ 7| [ N
P e s | B N
- Y \ EN
A n T agh) ()

Note that by construction of §, we have
deg(fag(A)) =5D — 4dm(ry) — 4m(s1) — 4m(s2) < D

The maps 7, ag, 6 are in the situation of the Case 1, and 0, «, f satisfy the assumptions of Lemma 6.7,
and the claim follows from them.

o If m(p) > m(r1), then m(p) + 2m(s1) > D and so there exists 7 € J, with base-points p, s1, 51.
We proceed as in Case 1 (where 71,75 are real but the map we construct is of the same kind). O

Proposition 6.12. ([ Proposition 2.9 ]) Let fi,..., fm € Autg(P?) U J. U Js such that
fm--fi=1d in Birg(P?).

Then
w(fm) -w(fi)=1 ing.

In particular, the natural surjective homomorphism G — BirR(IP’Q) is an isomorphism.

Proof. Let Ag be the linear system of lines in P?, and define

Ai = (fi-- f1)(Ao)
It is the linear system of the map (f;--- f1)~* and of degree d; := deg(f; - f1). Define

D:=max{d; |i=1,...,m}, n:=max{i|d; = D}, k:= Z(deg(fi) -1
i=1

We use induction on the lexicographically ordered pair (D, k).

If D = 1, then fi,. .., f, are linear maps, and thus w(f,,) - - -w(f1) = 1 holds in Autg(P?) (and hence
in G). So, lets assume that D > 1. Note that by construction deg(f,+1) > 2. We may assume that f, is a
linear map - else we can insert Id after f,,, i.e. w(fn) - w(f1) = w(fm) - - W(frr1)w(IDw(fp) - - w(f1),
which does not change (D, k).

‘We now construct maps 61,...,0N € AutR(]P’Q) U Jx U J, such that

W(frp1)w(fr)w(fro1) = w(On) - w(6)
and such that the pair (ﬁ, l;:) associated to fr, <+ fag10N -+ 01 fn—o - - f1 is strictly smaller than (D, k).

If fo_1, fas1 € Tx, we apply Lemma 6.10 to fr_1, fn, fnr1 to decrease (D, k).

If fro1 € Jo or fry1 € Jo, we have to look at three cases, depending on to which group they belong
to. We will only do one case as the other two are done similarly.

Suppose that f, 1 € J, and f,11 € Ji. By Lemma 6.5, there exists a base-point g of (f,,_1)~* of
multiplicity 2 such that m(p1)+m(p2)+m(q) > D, or there exists i € {1, 2} such that 2m(p;)+m(r) >
D, where 7 is the simple base-point of (f,_1)~!. We can assume that ¢ is either a proper point of P2
or in the first neighbourhood of one of p1, p1, p2, Po.
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o If m(p1) + m(p2) + m(q) > D for some non-real base-point q of (fn,_1)~* of multiplicity 2,

then p1,...,P2,q, 7 are not one one conic (Lemma 3.1). So, there exists a standard or special quintic
transformation 6 € 7, with base-points p1, ..., p2,q,q. Then 6f,_1 € J, and
(%) deg(0fn—1) = deg(frn-1) — 4 < deg(fn-1), deg(0(An-1)) < D.

Applying Lemma 6.11 to 071, f,,, fui1 decreases (D, k).

o If m(p1) +m(p2) + m(q) > D for some real base-point g of f of multiplicity 2, then ¢ is a proper
point of P2. If deg(f,,_1) is odd, then by Bézout, ¢ is not collinear with any two of py, 1, pa, P2, and
there exists 6, € J, of degree 3 with base-points ¢, p1, ..., p2 (Lemma 5.3). If deg(f,—1) is even, let p;
be a base-point of multiplicity %. By Bézout, ¢ is not collinear with any two of {p1,p1,p2, D2}
except maybe ps_;, p3—;. It follows from Lemma 3.3 that there exists 3 € J, of degree 2 with base-
points g, p;, p;. Note that for i = 1,2, 0, f,+1 € Jo and

(%) deg(0; frn—1) = deg(fn—1) — 2 < deg(fn-1), deg(0(A,—1)) <D

There exist 0; € J. and a;,as € Autg(P?) such that 6; = asb;a. By Definition 2.7 (2), w(6;) =
w(as)w(f;)w(ay) and we can apply Lemma 6.10 to 61, f, (1), fui1, which decreases (D, k).

e Suppose that there is no base-point ¢ of multiplicity 2 such that m(p;) +m(p2)+m(q) > D, which

means by Lemma 6.5 that

(1) d is even,

(2) m(r) +2m(p;) > D, i € {1,2},

(3) 2m(p;) + m(r) > D if deg(frn—1) > 2.
If deg(fn,_1) = 2, there exist o, € Autg(P?),7 € J. such that f, ; = Bra € J.. Aplplying
Lemma 6.10 to 7, foa™!, fai1 decreases (D, k).

If deg(f,_1) > 2, the point » may not be a proper point of P2. We denote by s the proper point of
P? to which r is infinitely near to, if  is not a proper point of P2, and s = r if r is a proper point of
P2. The above list still holds if we write s instead of r. In particular, p;,D;, s are not collinear and so
there exists 7 € J, of degree 2 with base-points s, p;, p; (Lemma 3.3). Then 7f,_1 € Jo and

deg(7(An—1)) = 2D —m(r) — 2m(p;) < D.

The situation is summarised in the following commutative diagram:

fn
An 11— An
foo1 7| \\ frnt1
e | T N
- g \ \\\
An—l - = > T(An—l)

There exist o, 3 € Autg(P?), ¥ € J. of degree 2 such that 7 = B7a. Applying Lemma 6.10 to
7, faa™ Y, fry1 decreases (D, k). O
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V Punctual transformations

In this chapter, we encounter a specific type of transformation contained in Biri(P"),
n > 2, the punctual transformations (see Definition V.1.6). Any birational transformation
of P2 is punctual, and for n > 3, the punctual transformations of P" are geometrically
similar to plane Cremona transformations and there exist easy formulae for the degree
and multiplicities of compositions with the standard Cremona involution, just like for
n = 2. The standard Cremona involution o,, of P" is the most prominent example of a
punctual transformation.

In [Kan1897], S. Kantor studies birational transformations of P not having any curves
of the first species, that is, curves which are the image of a surface in P3, and claims that
any such transformation is contained in the group G3(k) generated by Auty(P?) and o3.
The statement is false, a counterexample was given in [BlaHed2014, Proposition 8.1].

Punctual transformations are a specific family of transformations without curves of
the first species, and not all transformations having no curve of the first species are punc-
tual [BlaHed2014, Proposition 8.1]. The notion of punctual transformations had first been
mentioned in [DolOrt1988, p.93], where they study pseudo-isomorphisms of varieties.
They suggest that the following statement is true.

Suggestion ([DolOrt1988, p. 93]). The set of punctual transformations is contained in Gy, (k),
the group generated by o,, and Auty (P™).

However, they mention that, although they believe the statement to be true, they
could not find a proof.

In [BlaHed2014, Example 8.3], Blanc and Hedén prove that the set of punctual trans-
formations is not a group. Their counterexample to Kantor’s claim is not a punctual trans-
formation, and the Suggestion remains unproven.

In this chapter, we list some general properties of punctual transformations, which
might help to prove or disprove the Suggestion. Candidates of punctual transformations
not contained in G, (k) are punctual stellar transformations; stellar transformations were
studied in [Pan1999, Pan2000], where they are used to prove that Biry(P") is not gener-
ated by Auty (P") and countably many transformations if n > 3.

Outline of the chapter: We first revisit some prelimenaries, where we define a family
of curves associated to a birational transformation of P, n > 3, and define the punctual
transformations and state some basic properties. Then, we compute the formulae for de-
gree and multiplicities of compositions of punctual transformations, and use them to list
further properties. In Chapter V.4, we recall the stellar transformations and prove that if
a stellar transformation is punctual then it projects onto a punctual transformation.
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V.1 Preliminaries revisited

Toany f € Birk(P"), we associate a linear system A s of hypersurfaces, each of its elements
passing through the base-locus of f. To use intersection theory in higher dimension, we
will further associate to f a family of curves.

Definition V.1.1 (Multiplicity of a curve). Let ¢ C P" be a curve and p € B(P"). Let
n: X — P" be a sequence of blow-ups of points such that p corresponds to a proper point
of X and denote by ¢7 C X the strict transform of c. Let ': Y — P be the blow-up of p
and E, C Y its exceptional divisor. We define

mp(c) == e’ E,.

Definition V.1.2 (Total transform of a curve). Let ¢ C P” be a curve and n: X — P" the
blow-up of p1,...,pr € B(P"). Denote by E; C X the strict transform of the exceptional
divisor of p; and e; C E;a general curve. We define the 1-cycle

k
=74 my,(c)e; € Ni(X)
=1

and call it the total transform of c in X.

Lemma V.1.3. Let ¢ C P" be a curve and n: X — P" the blow-up of p1,...,pr € B(P"). For
any general line | C P", the 1-cycles deg(c)I" and & are numerically equivalent.

Proof. We just have check that their intersections with the generators of Pic(X) are the
same. Denote by E; C X the total transform of the exceptional divisors of p; and pick a
general hyperplane H C P". Then

Pic(X)=H' @ E\1Z& - & EZ.

From Lemma I.1.5, we get that H'¢; =0, E;e; = —1 and Eie; =0fori,j =1,...,kand
i # j.Since [ and H are general, we obtain

H"(deg(c)l") = deg(c), FEil"=0, i=1,....k,

and, by definition of the multiplicity m,,(c) and the projection formula,
k

H'S=H"@+Y_my,(c)e;) = deg(c)
j=1

k
Eic" = E;é" + Zmpj (c)Eiej = mp,(c) —mp,(c) =0, i=1,... k.
j=1

O]

Let f € Birk(P"), and let L; C G(1,n) be the open subset of all lines in P" not passing
though Base(f) and not contained in any hypersurface contracted by f. Then for any
l € Ly, the curve f(1) is of degree deg(f) [Pan1999, Proposition 1.1]. If we write

filmo o rmp] = [for-: ful,
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where fo,..., fn € k[zo,...,z,] are homogenous of equal degree and without common
factors, and parametrise a general line | € L; by a linear map [: P! < P, then f(l) is
parametrised by

[z o] = [fo(U([u: 0])) -2 full([u: 0])]-
Therefore, the line f(I) passes through the base-locus of f~1.

Definition V.1.4 (System of curves associated to a transformation). To f € Birx(P"), we
associate the set

Cf = Uleﬁf_l f_l(l)

of all pre-images of the lines in L1, and call it the system of curves of f. We define
deg(Cy) := deg(f~'). Further, we call Ind(Cy) = Ncec, ¢ the indeterminacy points of Cy.

Note that Cy is parametrised by an open subset of G(1,7) and hence carries the struc-
ture of an algebraic variety.

Example V.1.5. Lets figure out the system of curves C,, of 0, n > 3. Let [ C P" be a
general line parametrised by

I [u:v] = [apu + bov : - -+ 1 apu + byv]

Its pre-image o, (() is the rational curve of degree n parametrised by

c:lu:v]r-» H(aiu +biv) - H(aiu + b;v)
i#0 i#n

Then c([b; : —a;]) is the ith coordinate point p; of P, and so any curve in C; passes
through all coordinate points of P". Blowing up po, we obtain that the strict transform of
on(l) is parametrised by

[u:v] — H(aiu +biv) - H(am%—bw) , H (@i + bjv):---: H (aju + byv)
i#0 i#n i#0,1 i#0,n

The strict transform of o, (1) intersects the exceptional divisor in exactly one point, namely
the image of [bg : —ap]. Changing the parametrisation, we can choose ay # 0 and by = 0.
Now, we see that the differential of ¢ at [0 : 1] has full rank, hence my,(c,(l)) = 1. By
symmetry, we obtain m,, (0, (1)) = 1foralli =0,...,n.

The base-locus of o, is the union of the varieties C;; given by z; = 2; = 0 for ¢ # j,
and the intersection of 0,,(!) and C;; are the coordinate points contained in Cj;.

Definition V.1.6 (Pseudo-isomorphism, punctual transformation).

1. A birational map g: X --» Y between smooth projective varieties is called pseudo-
isomorphism (or isomorphism in codimension 1) if there exist dense open subsets U, C
X,U,1 C Y with codimy (X \ Uy) > 2, codimy (Y \ U,-1) > 2 such that gy, : Uy =
U,-1 is an isomorphism.

2. We call an element f € Birk(P") punctual if there exist sequences of blow-ups of
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points 7;: X; — P, i = 1,2 and a pseudo-isomorphism f such that the diagram

X1 - z>XQ
mi lm
P" — i = Ppn

is commutative. We choose 71, 72 to be minimal and call the points blown-up by 7y
the central base-points of f.

Definition V.1.7 (Strict transforms). For a pseudo-isomorphism g: X --» Y and a hyper-
surface D C Y, we call the hypersurface DY := g=1(D N Uy1) the strict transform of D via
g.

For a curve ¢ C Y not contained in Y\ U -1, we call the curve ¢7 := g=!(c N U,-1) the
strict tranform of c via g.

Remark V.1.8. For n > 1, any linear element of Biry (P") is punctual.

Any element of Biry (P?) is punctual and deg(f) = deg(f ™) (see for instance [AC2002,
§1.3,2.1.12)).

Foranyn > 2, the standard Cremona involution ,, € Biry(P") is punctual [BlaHed2014,
Proposition 3.1].

For any n > 3, the group G, (k) generated by o, and Auty(P") contains non-punctual
elements [BlaHed2014, Example 8.3].

Remark V.1.9. Let g: Y7 --+ Y5 be a pseudo-isomorphism between two smooth projective
varieties of dimension n. Then the pullback g*(Ky,) of the canonical divisor Ky, via g is
equivalent to the canonical divisor Ky, of Y.

Let g: X --» Y be a pseudo-isomorphism, and let D C Y be a hypersurface and ¢ C
U,-1 C Y. Then g~ is an isomorphism around ¢ and therefore preserves the intersection
intersection with c. More concretely,

DI & =D.c, Ky -c=Kx-&

Lemma V.1.10. For n > 2 and f € Bir(P") punctual, the base-points of Cy are exactly the
central base-points of f.

Moreover, for each central base-point p € B(IP™), there exists a positive integer m € Z such
that a general element of Cy has multiplicity m in p. We define my(Cy) := m.

Furthermore, for any central base-point p € B(P") of f that has no infinitely near central
base-point, there exists a rational hypersurface S, C P" of degree m,,(Cy) that is contracted onto

pby f7L.

Proof. For n = 2, this follows from the existence of resolution of birational transforma-
tions between smooth projective surfaces (see Chapter 1.2). Let n > 3 and 7;: X; — P",
i = 1,2, be sequences of blow-ups of points and f: X --» X, be a pseudo-isomorphism

such that the diagram
Xy - ! > Xo
n| |
pr- L. pr
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is commutative. The base-locus of C; consists of finitely many points because two distinct
curves in P can meet at most in finitely many points. Since the family of lines in IP"* has
empty base-locus, f is an pseudo-isomorphism by assumption and a general element of
Cy does not meet the image of X, \ Uy, every point in the base-locus of Cy is blown-up by
71, i.e. is a central base-point of f.

Let p € B(P") be a central base-point of f such that f has no infinitely near base-
points infinitely near p, and let E,, C X; be its exceptional divisor. A general element
of Ay passes through p, and as there are no central base-points of f infinitely near p,

the strict transform of a general element of Ay intersects E,. Then, since f is an pseudo-

-1
isomorphism, S, := Epf C Xy is a hypersurface that intersects the strict transform of

all general hyperplanes in P". The linear system of hyperplanes in P" has empty base-
locus, hence S, is not contracted by 73 (recall that 75 contracts divisors onto points only).
In particular, f| E,: B, --» S, is birational. Let [ C P" be a general line. Then f~lis an
isomorphism around 1™, and Lemma 1.1.5 and Remark V.1.9 imply that

0£S, - 1=8," T "L g, .7 = F, . (deg(f )" — qu(’ﬁzf)eq) L5 (1721

where we sum over all central base-points of f and e, C E, is a general line in the
strict transform of the exceptional divisor of q. Figure V.1 visualises the calculation. Then
c:=m (™) = f1() e Cs and my(c) # 0. A general element of Cy is the pre-image of a
line satisfying the assumptions on [, hence m,(c) # 0 for a general ¢ € Cy. In other words,
p is contained in a general elements of C;. Further, it shows that all the central base-
points to which p is infinitely near are contained in the base-locus of Cy, and therefore, all
central base-points of f are contained in Base(Cy). Moreover, a general element of C; has
multiplicity m,(c) in p. Therefore, for all central base-points ¢ of f, a general element of
C has multiplicity mq(c) in g.

X ~ X

Tﬂ2f ! E o [ ,2-\,]5*1
@ a Y; B’ —s,
T 2

Figure V.1: Calculation of the multiplicity m,(Cy).

O]

Lemma V.1.11. Let n > 2 and f € Birk(P") be punctual. Let V' C P™ be of codimension> 2.
Then a general element c € Cy intersects V only in the central base-points of f contained in V.

Proof. For i = 1,2, let m;: X; — P" be blow-up of the central base-points of f and f -1
respectively and f: X; --+ X5 the induced pseudo-isomorphism of f, i.e. the following
diagram is commutative

X -1 x,
mi im
Pr 7
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Observe that the claim is equivalent to @™ and V™ not intersecting. There exist open
dense subsets U i C Xiand U jo1 C X5 such that f \Uf: U i =3 U;_, isan isomorphism.
For a general line [ C P, the strict transform "2 =1 C X5 is contained in U;_,, and so
a general element ¢ € Cy is contained in U. If VTc X\ U - then we are done. Suppose
that V™ N U 7 # (). Since ¢™ C Uf, f preserves the intersection of ¢™ with varieties.

As ¢™ is sent by f’ onto a general line, which does not intersect the codimension> 2
set f(VNU f), the curve ¢™ does not intersect V™ N Uj. Since ¢™ C Uy, the claim
follows. O

V.2 Composition revisited

For n > 3, there is no general fomula known that computes the degree of compositions,
let alone multiplicities of the linear system. For punctual transformations we can find
formulae using the intersection form of hyperplanes and curves. For n = 2, they are very
classical and can for instance be found in [AC2002, §4] (see Lemma 1.3.4).

Lemma V.2.1 (Composition). For n > 2, let D C P™ be a hypersurface, g € Biry(P"™) be
punctual and f € Biry (P™) be any transformation. Then

deg(g(D)) = deg(g™") deg(D) — Z mp(Cg)myp (D),

peEB(P™)
where m, (D) is the multiplicity of D in p, and
deg(fg) = deg(f)deg(g) = > mp(Cpr)my(Ay). (V1)
peEB(P™)

By Lemma V.1.10, m,(C,4) = 0 if p is not a central base-point of g, thus the sums in
the above lemma are finite. Further, for n = 2, the formulae translate to the classical ones
given in Lemma [.3.4.

Proof. By definition of punctual transformation, there exist sequences 7, m2 of blow-ups
of points and a pseudo-isomorphism ¢ such that the diagram

X -2- X,
mi im
P — 9 = Ppn

is commutative. Let [ C P" be a general line. The degree of g(D) is equal to the intersec-
tion g(D) - I. The blow-up 72 and the pseudo-isomorphism §~! are isomorphisms around
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™2, and so Lemma 1.1.5 and Remark V.1.9 imply that

[ - —~—— T2 ~
deg(g(D)) = g(D)-1=g(D)"” -1 = g(D) -1
V._1.9 Nﬂ'2§

="g(D) -1
(deg Z my(D ) (deg Z my(C )
L% ge g(g") deg(D Z my(D

where we sum over all points blown-up by 71, H C P" is a general hyperplane, E,, the
total transform of the exceptional divisor of a point p and e, C E, a general line in the
strict transform of the exceptional divisor of p. Since m,(C;) = 0 if p is not a central
base-point of f (Lemma V.1.10), we can sum over all points of B(P") in the last line.

The degree of fgis equal to the degree of (fg) ' (H), where H is a general hyperplane
in P". Putting D = f~!(H) in the above formula, we obtain

deg(fg) = deg(g™" (f ' (H))) =deg(g) deg(f ' (H)) = Y mp(Cyr)my(f~(H))

pEB(P™)
=deg(g) deg(f) — Z mp(cg—l)mp(Af)‘

peB(F™)
O
Lemma V.2.2 (Noether equations). Let n > 2 and let f € Biry(IP") be punctual transforma-

tion. Then the intersection of general two elements of Cy and Ay have exactly one free intersection
point and

deg(f)deg(f ) = 1= > my(Ap)m,(Cy), (V.2)
pEB(P™)

(n+1)(deg(f ) =1) = > (n—1)my(Cyp). (V.3)
peEB(P")

If n = 2, then deg(f) = deg(f~!) and Ay = Cy, and the equations translate to the classical
Noether equations (see Lemma 1.3.3).

Proof. The first equation follows from equation (V.1) in Lemma V.2.1 with g = f~L.
Let H,l C P" respectively be a general hyperplane and line and consider the commu-
tative diagram

X, -1 x,
mi im
P — f =~ Pn

where 7y, are the blow-ups the central base-points of f, f~! respectively, and f a
pseudo-isomorphism. Both H and I do not contain any of the central base-points of f~1,
and f~! is an isomorphism in an open neighbourhood of Im2, Using Remark V.1.9 and
Lemma 1.1.5, we obtain

g —~—

~ 7 o~ 2 —~— m
1=H-1=H™ .[™ = -1(H) - 1) ,
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which says that any two general elements of Ay and C; have exactly one free intersection
point. It is also another way to obtain the first equation. Remark V.1.9 and Lemma 1.1.5
yield
—(n+1) = Kpr - 1 =(m2)*(Kpn) - 1™ = (Kx, + > _(n—1)E,) - I = Ky, - ™
= (Kx,) - 1 "2 Ky, 1T
= (=t DH™ + 3 (0= 1)E,) - (deg(f )™ = S my(Cpley)

1.1.5

= — (n+ 1) deg(f ) + 3 (n— 1)my(Cy)

where we sum over the points blown-up by 7. Since m,(Cs) = 0if p is not a central base-
point of f by Lemma V.1.10, we can sum over all points of B(IP") in the last equation. [

The following consequence is a motivation for the name "punctual".

Corollary V.2.3 ([Kan1897, Theorem LIV]). Let f € Biry(P") be punctual and S C P" a
hypersurface of degree deg(S) = deg(f) passing through all central base-points p of f with
multiplicity my(Ay). Then S € Ay. In other words:

“The linear system of a punctual transformation is determined by its central base-points.”

Proof. By Lemmata V.2.1 and V.2.2, the hypersurface f(5) has degree

deg(£(9)) 2" deg(F ) deg(S) — Y mp(Crimy(S)

pEB(P™)
= deg(f ) deg(f) = D mp(Cpymp(Ay) =71
pEB(P™)
Thus f(S) is a hyperplane, which means that S belongs to Ay. O

Remark V.2.4. Example V.1.5 shows that m,,(C¢) = 1if p is a coordinate point of P". If we
put f = o, or g = 0, in Lemma V.2.1, we obtain the formulae

deg(fon) = ndeg(f) — > mp(Ap)
cpb(oy)

and

deg(ang) = ndeg(g) - Z (TL - l)mp(cgfl)a
cpb(on)

where cpb(oy,) is the set of central base-points of o,.

We also want to be able to compute the multiplicities of fo;, for some punctual trans-
formation f. For this, consider the commutative diagram

on

X-—>X
ﬂi iﬂ
[Pm,J,">]Pm

where 7 is the blow-up of all coordinate points of P" and 4,, the induced pseudo-isomorphism.
Let H,I C P" be a general hyperplane and line respectively and denote by Fy,...,E, C
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X the exceptional divisors of coordinate points of P". Further, denote by e; C E; a gen-
eral line in E;. They yield a basis of the Picard group and the group of curves in X modulo
numerical equivalence,

Pic(X)=H Z®FZ&® - E,Z, Ni(X)=1Z®eyZD - D eyl

The pseudo-isomorphism 6, induces a linear involution Pic(X) — Pic(X) by sending di-
visors onto their strict transforms via ,,. It also induces a linear involution (6,,)*: N1(X) —
Ni(X) as follows: For i = 0, ...,n, let H; be the hyperplane given by z; = 0. The line [ is
a general line, hence " = I™ is contained in the open set U;, where &, is an isomorphism.
We define (6,)*(1") = [7°", which is precisely the strict transform via 7 of the curve o, (1).
The map o, sends H; onto the ith coordinate point. The restriction of 4,, onto EW induces
the standard Cremona involution

T 5'7L|E-

On—1: Pl ~ H, —FE;~ Pl

As e; C Ej is a general line, we define the image of ¢;, just like the image of [™ above, to
be the curve (6,,)*(e;) := on—1(e;) C H;".

These linear involutions which can be used to compute multiplicities when compos-
ing with o,,.
Lemma V.2.5. Let n > 2. The Z-module isomorphism Pic(X) — Pic(X) induced by &,, with
respect to the basis (H ', Ey, . . ., Ey) is given by the involution

n 1 1 1 ... 17
—(n-1) 0 -1 -1 ... -1
-(n—-1) -1 0 -1 --- -1
Mo pic = | _y 1y 1 € GLy42(2)
: : . .0 -1
I-n—-1) -1 -1 - =1 0|

and (6,,)*: N1(X) — Ni(X) with respect to the basis (I™, e, . . ., ey,) is given by the involution

(n (n—-1) (-1 m-1) - (n—1)
-1 0 -1 -1 -1
-1 -1 0 -1 . -1
Man,N1 = 1 1 € GLp42(2Z)
0 -1
-1 -1 -1 -1 0

Furthermore, for any ¢ C U, C X, we have (6,,)*(¢) = ¢ on.
For n = 2, they are presented in [AC2002, §2.4].

Proof. A general hyperplane of P" is sent by ¢, onto a surface passing through the n + 1
coordinate points with multiplicity (n—1). The hyperplane through n of these n+1 points
is sent onto the exceptional divisor of the (n + 1)th point [BlaHed2014, Proposition 3.1].
A general line is sent by o,, onto a curve of degree n passing through the n + 1 co-
ordinate points with multiplicity 1. By Lemma V.1.3, its class in N;(X) is the element
nl™ — Y"1, e;, which is precisely (6,,)*(I™). As explained above, ,,(e;) is a curve in H; of
degree n — 1 passing through all coordinate points contained in H;. By Lemma V.1.3, its

class in Ni(X) is (n — 1)I" — >, ; e;, which is precisely (65)"(e;).
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For the last claim, we have to show that &,, acts linearly one the curves in Us,,. As
on(cUd) = 6,(c)Ud, () for any two curves ¢, ¢’ C Us,,, we just have to show that it sends
numerically trivial curves onto numerically trivial curves. Remark V.1.9 explains that 4,
preserves the intersection of curves in Us,, and divisors, and this yields the claim. O

Lemma V.2.6. Forn > 2, let f € Birx(P") be a punctual transformation, po, . .., p, the central
base-points of oy, and pp1, . .., pm the central base-points of f different from py, . . ., py. Define

E:ZZmPi(Af)v 5::Zmpi<cf)'
=0 =0

If foy, is punctual, then

mpi(AfUn) :(n—l)deg(f)—e—i—mpl(/\f), i:(),...,n
M(a,)e(pi) (Do) =mp; (M), i>n+1
and
mpi(cfo'n):deg(f_l)_6+mpi(cf)7 isz'wn
m(Un)-(pi)(Cfffn) =my, (Cy), i>n+1

Note that for n = 2, the equations translate to the ones given in Lemma I11.4.2.

Proof. Since for n = 2 the claim is stated in Lemma I1.4.2, we can assume that n > 3.
Both o, and f are punctual transformations. Denoting by 7: X — P" be the blow-up of
Po,---,pn and fori = 1,2 by n;: Y; — P" the blow-up of the central base-points of f, f -1
respectively, and by 4, and f repsectively the lifts of o,, and f onto the blow-ups. We can
view the base-points of 1; not blown up by 7 as points of X. We denote by n;: Z — X
the blow-up of these points. Similarly, we denote by 7': Z — Y; the blow-up of the base-
points of 7 not blown up by 7. The situation is summarised in the following commutative

diagram.
A

RN

X--=X Yi-=>Y
On

”l \ / im

m N1
Pnfffafn77>ﬂlm U Pn

Let H,l C P" respectively be a general hyperplane and line. Denote by Ey, ..., F,, C Z
be the total transforms of the exceptional divisors of py, ..., pm, under the map 7nn] and
by e; C E; the strict transform of a general line in the the exceptional divisor of p;. Then

Pic(Z) = A" Z® BZ& - & Enl,
N(Z2)=T""Z®egZ® - B e

Pic(X) = H'Z® (n)«(B0)Z ® - - ® (1) (En)Z,
Ni(X) =T"Z® (117)+(e0)Z @ - - @ (111)x(€n) Z

We look at the birational map 6,,7m]: Z --» X. The isomorphism M, pi.: Pic(X) —
Pic(X) extends to a linear map Pic(Z) — Pic(X), which, written with respect to the basis

94



CHAPTER V. PUNCTUAL TRANSFORMATIONS V.3. PROPERTIES OF PUNCTUAL TRANSFORMATIONS

above, is given by the matrix

M, pi. = [MUmPic 0} € Myp+2,m+2(Z).

The sequence of blow-up of points 7} induces a linear projection (1}).: N1(Z) — N1(X)
by sending 1" onto I" and e; onto (17})«(e;). Then (6,,)* extends to a linear map (o,,)* o
(m)«: N1(Z) — N1(X). Written with respect to the basis above, is given by the matrix

My, = [ Moy ny 0] € Musomia(Z).
By Lemma V.2.5, we obtain
Mé’n,PiC ¢ (deg(f)7 —Mpq (Af)v sy TMpy, (Af))

n n—1
=1 <deg(fan), - <(n — 1) deg(f) = > _ mp, (Af>> yeeer— <(n — 1) deg(f) = > mp, (Af>> M (Ap), o mp,, (Ay) ) :
=1 i=0

™
which the class of the divisor 0,,(D) for a general element D € Ay.
For ¢ # j, denote by C;; C P" the codimension 2 subvariety given by z; = z; = 0.

By [BlaHed2014, Proposition 3.1], the union of the C’ij7r is the base-locus of &,,, and &,
is an isomorphism outside of it. Let ¢ € C; be a general element. By Lemma V.1.11, ¢
only intersects C;; in the central base-points of f. We claim that any of these must be
coordinate points, i.e. points blown up by 7. Suppose that there exists a central base-
point p of f that is contained in C;;. By Lemma V.1.10 there exists a surface S C P" which
is contracted by f ~1 onto p. Then (fo,) contracts S onto C;j, which is a contradiction to
fon being punctual. It follows that c only intersects C;; in points blown up by 7, hence

¢" C Uy, By Lemma V.2.5, we get 6,,(¢7) = (6,,)*(€7) = (6n)* (11)«(¢™™) and obtain

Mtg'n,Nl t(deg(f71)7 —Mpg (cf)7 sy TMpy, (Cf) )
n n—1
=1 <deg((f0'3)_l), - <deg(f_l) - Zmpz(cf)> LR (deg(f_l) - Z mpi(cf)> s Mpp 41 (Cf)7 s 1mpm(cf) > 5
i=1 1=0
which is the class of a general element in Cy,, . O

V.3 Properties of punctual transformations

The following lemma shows that if we can decompose a punctual transformation f into
linear maps and o,, such that all successive compositions are punctual, then f has rather
nice properties:

Lemma V.3.1. For n > 3, let o, ..., € Auty(P") such that for every i = 1,...m, the
transformation f; := aq;on0u—1 - - - cqopay is punctual. Then

1. mp(Ay,,) = (n— 1)my(Cy,,) for all central base-points p € B(P™) of f,

2. deg(fm) = deg(f,1).

For n = 2, the first part of the lemma is redundant, while the second part is classical
([Hud1927, §1.1.3]).

Proof. Let n > 3. Fori = 1,...,m, we define g; := amopam—1---am—; and use induc-
tion on m and the g;. Note that the punctual transformation g1 = ®;,0,0,—1 has the
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desired properties, which yields the claim for m = 1, and that f,,, = gm = gm—10n0a0. The
induction hypothesis is

mp(Ag,, ) = (n—1)mp(Cq,,_,), deg(gm—1) = deg(g,,")

for all central base-points p of g,,—1. It follows from Lemma V.2.6 that
olfg=(0n)e(pi), i >n+ 1, then

V.2.6 ind.
mq(Afm) = mQ(Agm710n> = My, (Agmq) = (n— 1)mp¢ (Cgmfl)

i (n = 1)myp,(Cg,,10,) = (0 — 1)mq(Cy,,)-

elfg=p;, 0=1,...,n,then

V.2.6
mq(Afm) :mq(Ag'mflgn) = (n - 1 deg gm 1 Zmp] 9m— 1
JFi

ind.
= (n—1) | deg(gm-1) Zmpg gm—1)
J#i

ind.
1: (TL - 1) deg gm 1 Zmpj Im— 1

J#i
Y20 — 1)mg(Conr1on) = (n — 1)my(Cy,.)

With Remark V.2.4 it follows that

deg(fm) = deg(gm-10n) =ndeg(gm-1) — Y.  mp(Ag,_,)
pEcpb(on)

Lt ) - 3 (0 Dy

pEcpb(on)
= deg(ang;ll_l) = deg(f,ﬁl)

where cpb(oy,) is the set of central base-points of o,. O

The following lemmata aim at showing that the non-linear punctual transformation of
smallest degree with only proper base-points is in fact the standard Cremona involution.

Remark V.3.2. The generalised Noether-inequalities from Lemma V.2.2 imply that:

o If n > 3is even, then gcd(n — 1,n + 1) = 1 and hence d = N(n — 1) + 1 for some
N eN

e Ifn > 3isodd, then ged(n —1,n+ 1) = 2 and hence d = N"T_l—l—lforsomeN e N.
Note that for n = 3, this does not say anything at all.

Lemma V.3.3. For n > 2, there are no non-linear punctual transformations of degree < n — 1 in
Biry (P").

Proof. For n = 2, the lemma is trivial. Let n > 3, f € Birk(P") be punctual and non-
linear, and deg(f~1) = d. It suffices to show that d > n. Suppose that d = n — k for some
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1 <k <n—2.Equation (V.2) in Lemma V.2.2 implies

(n=1) > mpCp) Em+1)d-1)=@n+1)(n—k-1)
pEB(P™)

=n—-1)n—-k—-1)4+2(n—-k—-1)

Asn—1lisafactor of (n—1)(n—k—1),itis also a factor or 2(n—k—1), which is impossible
forn > 4.
If n = 3, then d = 2 and equation (V.3) in Lemma V.2.2 implies that

2= Z my(Cy).

pEB(P™)

Thus f has exactly two base-points pi, ps, both of multiplicitiy m,,, (Cf) = m,,(C¢) = 1.
Then equation (V.2) in Lemma V.2.2 states

2deg(f) —1=my, (Af) + me(Af)‘
Bézout theorem implies that my, (Af) < deg(f) — 1, which yields
2deg(f) =1 =mp, (Ay) +mp,(Ay) < deg(f) — 1+ mp,(Ay),

which implies deg(f) < my, (Af). Impossible.
O

Lemma V.3.4. For n > 2, any non-linear punctual tranformation in Biry(P") has at least n + 1
central base-points.

Proof. Suppose that f € Bir,(P") is has degree d := deg(f~!) > 1 and has at most n
central base-points, say po, . ..,pm € B(P"), m < n. Then there exists a hyperplane H C
P that contains py, . .., pr,. Pick a curve ¢ € Cy. Then

(n=1)d=(n—1)c-H > (n- 1>impi<cf> 2+ 1)(d-1),
=0

which implies that 2d < n + 1 and deg(f) < ’%rl < n forn > 2. That is a contradiction to
Lemma V.3.3, which states that deg(f) > n. O

Lemma V.3.5. Let n > 2. If a punctual transformation f € Bir(P") satisfies deg(f~!) = n,
then f has exactly n + 1 central base-points in B(P") and

mp(Cy) =1 for all central base-points p € B(P").

If furthermore all central base-points are proper points of P", then there exist o, € Auty(P")
such that f = Boy,a.

Proof. Let po,...,pm € B(P™) be the central base-points of f and write deg(f) = D and
deg(f~!) = d = n. Recall the equations in Lemma V.2.2:

(V2.2,V.2)dD—=1 =Y myp, (Af)mp,(Cy), (V.2.2,V.3) (n+1)(d—1) = > my, (Cs)(n—1).
=0 =0
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We plug the assumption d = n into equation (V.2.2, V.3) and get

(n+1)(n—1) Zmplcf (n—1),

which implies
> my,(Cp) =n+1. (V.4)
i=0
As my,(Cy) > 1fori = 0,...,m, the above equation implies m < n. By Lemma V.3.4, f
has at least n + 1 central base-points, therefore m = n. Now, equation (V.4) implies that
Mpo(Cf) = my, (C§) = --- = my, (C§) = 1 and that po, ..., p, are not contained in one
hyperplane (cf. proof of Lemma V.3.4).
Suppose that po, ..., p, € P". Then equation (V.2.2, V.2) translates to

anl—Zmp (Ap)my,(Cy) = me Ayg). (V.5)

=0
As po, ..., pp, are not contained in one hyperplane, there exists @ € Auty(P") that sends
D0, - - -, Pn, ONto the n + 1 coordinate points. The formula for composing with o, given in

Remark V.2.4 and equation (V.5) imply

deg(failo'n) e nD — Z Mp, (Af) (&) 1

=0

In other words, fa~lo, € Aut,(P"). 0O

Lemma V.3.6. Let f € Birk(P") be a punctual transformation with exactly n + 1 central base-
points. Then deg(f~!) = n.

In particular, if all its central base-points are proper points of P", then there exists o, f €
Auty (P™) such that f = Bopa.

Proof. Letpo,...,pn € B(P") the central base-points of f and order them such that m,,,(Cy)
mp, (Cf) < -+ < my, (Cr) and that there is no base-points infinitely near to py. Let
d := deg(f~1). Then equation V.3 yields

(n+1)(d Zmp Cr)n—1) > (n+1)(n — 1)mp,(Cy)
which implies
d=1> (n—1)my (Cy).

Further, the n points p1, ..., p, are contained in a hyperplane H. For any c € Ay, we get
by Lemma V.1.10 that

n-+1
n—1

d=c-H> Zmpi(cf) =
i=1

(d = 1) = myp,(Cy)

which implies
(n—1)my,(Cy) > 2d — (n +1).
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Together with the above inequality, we obtain
d—1>(n—1)my(Cs) >2d— (n+1)

which yields
n >d.

Lemma V.3.3 implies that deg(f~!) = d = n. Lemma V.3.5 implies that if p, ..., p, € P",
then f = fo,a for some a, 8 € Auty (P™). O

V.4 Punctual stellar transformations

In this chapter, we attack the question, whether all punctual transformations can be de-
composed into linear transformations and o,,. Although we do not succeed to prove it
or give a counterexample, we take a close look at transformations that are not obviously
compositions of o, and automorphisms.

We now recall the family of stellar transformations in Biry (P") as presented in [Pan1999,
Pan2000]; for any field k, n > 3 and for any curve I' C P?, the family contains an el-
ement that contracts a non-rational hypersurface birational to I' x P"~2, which proves
that Birk(P") cannot be generated by Auty(P™) and a countable set of elements [Pan1999,
Théoreme 1].

They are perfect candidates to explore properties of punctual maps far away from
the prejudice induced by o,, and in the end of this chapter, we will attempt to determine
when they are punctual.

Definition V.4.1. Let ¢1,...,¢, € k[z1,...,z,] be homogenous polynomials of equal de-
gree e := deg(t;) without common factors. They define a rational map

P s PP [y e [ ).

Pick an integer d > e and homogenous polynomials g4, gi—1, hd—e, ha—e—1 € k[Z1, ..., Zy]
of degree as indexed and define

9 = 9gda—170 + gd, h:=hg_e 120+ hg—e,

which are homogenous polynomials of degree deg(g) = d and deg(h) = d — e > 0. This
yields a rational map Ty, ,: P --» P7,
9d—1%0 + ga
= B AT A
] hg—e—170 + ha—e ! ]

g
Tg,h,t: [$O:"’5xn] -2 [Eitli'”:tn

which is called stellar.

Remark V.4.2. The name stellar is motivated by the fact that a rational transformation
T, nt Tespects the projection pry,: P* --» P"~! centered at O := [1: 0 : --- : 0], i.e. the
following diagram is commutative

Ty.n
P" — f’;t>[F>n
I I
prl | pr
Y Y
]Pm—l 1 >]P>n—1
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In other words, if T} ;, ; is birational, it sends the bunch of lines through [1 : 0 : --- : 0]
onto the bunch of lines through [1: 0: ---: 0].

Lemma V.4.3 ([Pan1999, Lemm 2]). Suppose that

det | 941 I ) — g0 ihy e — gaha 1 #0.
hdfefl hdfe
Then Ty p, 1 P --» P™ is birational if and only if t: P! -5 P~ 1 s,

The proof of Lemma V.4.3 in [Pan1999] is given for algebraically closed fields of char-
acteristic zero but works over any field.

Definition V.4.4. We denote the set of stellar birational transformations in by Sty (P") C
Biry (P™).

Lemma V.4.5 ([Pan2000, Proposition 2.1]). The set Sty (P™) C Biry(IP") of birational stellar
transformation is a group and is isomorphic to

Sty (P") ~ PGLa(k(y1, ..., yn_1)) ¥ Birg(P"1).

The proof of Lemma V.4.5 in [Pan2000] is given for algebraically closed fields of char-
acteristic zero but works over any field.

Definition V.4.6. For homogeneous, rational functions fy, ..., f, € k(zo, ..., z,) of equal
degree, we define the Jacobian

ofi\"
Jac(fo,...,fn):det< f> € k(zg,...,xy).
For a rational transformation

filzo - tmp] = [folzo,...yxn) -1 fulzo, ..., 2n)]

with fo, ..., fn € K[xo, . .., z,] without common factor, we define the Jacobian of f

Jac(f) = Jac(fo, ..., fn) € K[z, ..., Zp],

which is a homogenous polynomial of degree deg(Jac(f)) = (n + 1)(deg(f) —1).

Remark V.4.7. For n > 1, the zero set of the Jacobian Jac(f) of an element f € Biry(P")
is the union of hypersurfaces of P" contracted by f.

Let f € St(P") and p € B(P") be a central base-point that has no infinitely near central
base-points. By Lemma V.1.10, there exists a hypersurface S, C P" that is contracted by
f~! onto p. It follows that S, is the zero set of some irreducible factor of Jac(f).

Lemma V.4.8 ([BlaHed2014, Lemma 2.3]). Let k be a field of characteristic zero, let h €
k[xo, ..., zy] be a homogenous polynomial of degree d € N, and let tg, ..., t, € k(xo,...,zy)
homogenous rational functions of degree e € Z \ {0}. Then

Jac(hto, ..., hty) = (1 +d/e)h" Jac(t, . .., tn).
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Lemma V.4.9. Let char(k) and let T, j, 1 : P --» IP" be a stellar map. Then

deg(h _
Jac(Typt) = (1 - ge()> R (ga—1hi—e — gaha—e—1) Jac(t)

Proof. Write
Tg,h,ti [CCO R l’n] L [% ttp e tn].

Since t1,...,t, € k[z1,...,z,] are homogenous of equal degree without common factor,
we get

g _ (PHfomo Pijons _(OF _ (%
Jac(h,tl,...,tn)—< 0 oufon, | = \ Bag Jac(ty, ..., ty) = D Jac(t).

Then Lemma V.4.8 yields, with e = deg(t;),

Jac(Tyn+) = Jac(g, ht1, ..., hty)

Va8 (1 + dege(h)) htH Jac(9/n, th, .. 1)
deg(h) 11 (9%
_ 1 n P
(1 500) e ()
_ (1 N dege(h)> pntl <9d1hdeh_29dhd61) Jac(t)

O]

Notation V.4.10. For any homogeneous polynomial f € k[xzo, ..., z,] \ k¥, we denote by
S¢ C P" the hypersurface given by the equation f = 0.

Remark V.4.11. It follows from Remark V.4.7 and Lemma V.4.9 that T ;; contracts the
hypersurfaces Sy, Syac() and Sy, h,_.—gghg_._, and no other hypersurfaces.

Lemma V.4.12. Let Ty, 5, € St(P") and S C P"~! an irreducible hypersurface. Suppose that t
contracts S onto a point.

If Ty h contracts pral(S) onto a point, then gg_1hq—e — gihd—e—1 vanishes on S and
pry' (S).

Proof. We may suppose that ¢ contracts S onto p := [1: 0 : --- : 0] € P"~! because com-
posing with an element of Auty(IP") that fixes O and corresponds via pry to an element
of Auty(P"!) moving the point p € P"~! does not change the claim. Writing

9gd—120 + gd

Tont: Teee - B AR 7
g,h,t [-rO xn] F=3 [hdfeflxo T hy. 1 n]a
we see that any point of Ty ; +(pry' (S)) is of the form
9a-1(Y1, - Yn)To + ga(y1, - - -, Yn)
ct1(y1,- - 3Yn) 020
hd—e—l(yl) cee 7yn)x0 + hd—e(yla o 7yn) ( n) ]

for some [y; : -+ : y,] € S and t; does not vanish on S.
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If T, 1.+(pr5' (S)) is a point, then the matrix

gd—1 9d
ahdfefl ahdfe

has rank < 1 on S and hence g4 1hg_c — gahq_e_1 vanishes on S.
O

Lemma V.4.13. Let Ty}, € Sty (P") and suppose that h is irreducible and hq—.—1 # 0. Let
7o: Xo — P be the blow-up of O and Eo C Xo be its exceptional divisor. Then Ty, lifts to a
birational map

Sh -2 EO7 [Io:yl :---7yn] = (07 [yl yn])

Proof. Since T, 1, ; sends S}, onto O, we get the rational map above. It is in fact birational
because h = hq_c_120 + hq_. is irreducible and hg_._; # 0; we can recover zy by writing
hdfe []

hg—e—1"

o =

Proposition V.4.14. Let k be of characteristic zero, Ty s € St (P") and let Ty s 41 = Tg‘i "
Suppose that Ty ¢ is punctual, that h does not vanish on any component of Syae(y) and that b’

does not vanish on any component of Sy,c—1). Then
* tis punctual,
® the factors of Jac(t) are factors of ga—1hd—e — gald—e—1,

* T contracts a component of Sg, \h, .—gshy ., Onto O if and only if hq_. or all t; are
factors of gg—1hd—e — gahd—e—1.

* the projection of the points in B(IP") different from O onto which Sy, is contracted are
the central base-points of t.

Proof. 1f T 5, ; =: T is punctual, then there exist sequences of blow-ups of point 7;: X; —
P", i = 1,2 and a pseudo-isomorphism 7': X; --» X, such that the following diagram is
commutative

X -IsXx,
mi im
P — T = Pn

By Remark V.4.11, T" only contracts the hypersurfaces Sy, Sq—1n,_.—gahg_._, and Syac(¢),
and it contracts them onto points because it is punctual. More concretely, m7" contracts
the strict transforms of these surfaces onto points in B(P"). Lemma V.4.12 yields the sec-
ond claim. Note that 7" contracts .S}, onto the point O. We write

9d—1%0 + 9gd
IR

Toht:[To: - ap]F-» [hd oo h
—e— —e

It contracts the components of Sy, .4, .—g,h, . , ONto points of the form

gd(yla R yn)
hd—e(yb -y Yn

) (YY) et (Y-, Yn)]
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forsome [0 :y1 : - :Yn] € Sgy 1hy o—gaha_._,- Such a point is different from O if and only
if hq_. and not all £; do not vanish on the corresponding component of .S,
This yields the third claim.

By Remark V.4.7, t contracts the hypersurface Rj,.;) C P"~! given by Jac(t) = 0 onto
a variety of dimension< n — 2 whose points are of the form

d—1hd—e—gahd—e—1*

[E1(yty e osyn) o i tn(Yry - oy Yn)]

for some [y1 : -+ : yn] € Ryac(r)- Hence not all ¢; vanish on the components of Ry, and
therefore also not on the components of Sj,.;) = pral(RJaC(t)). Then T' contracts Sy,
onto points of the form

gd—l(yla s 7yn)x0 + gd(yly ceey Z/n)
hd—e—l(yla cee ayn)xo + hd—e(yla s Yn

) st (Y- n) t o i ta(Ys - Yn)]

forsome [xg:y;: - :1yn] €S Jac(t)- By assumption, h does not vanish on any component
of Sjac(r), hence these points are different from O.

Call ¢1,...,qn € B(P") the images by 79T of the strict transform of the components
of Syac(r)- The situation is similar for T and we call py,...,pr € B(P") the images of
the strict transforms of the components of Sy,.(;-1) by m L. Since all these points are
different from O, the projection (pr))s is defined around them and we call r;, s; € B(P" 1)
respectively the image of p;, ¢; by (pro)e. Denote by 71 : Y1 — P"~! the blow-up of the 7;
and by 72: Yo — P~ the blow-up of the s;. Then ¢ lifts to a birational map Y1 - Ys
and pry lifts to projections pr;: X; --+ Y;, i = 1,2, that respectively project the strict
transform Epi C X of the exceptional divisor of p; onto En. C Y}, the strict transform
of the exceptional divisor of 7;, and similarly E,, C X, onto Es, C Y. The situation is
summarised in the following commutative diagram.

We claim that # is a pseudo-isomorphism. Because of the symmetry of the contstruction,
we only need to check that  does not contract any hypersurfaces of Y;.

By Remark V.4.7, any irreducible hypersurface R C Y; contracted by ¢ is a component
of mm and hence is either a component of ]%J:Cg)m or one of the E~”, and is contracted
to a variety W C Y5 of dimension dim (W) < n—3. Then T sends the hypersurface pr; *(R)
onto a variety contained in pr; ' (W), which is of dimension dim(pr; ' (W)) < n—2. Thatis
a contradiction to 7' being a pseudo-isomorphism. This yields the first and last claim. [

Lemma V.4.15. Let n > 3 and k of characteristic zero. If t = 0,1 and T, a punctual
stellar transformation satisfying the assumptions of Proposition V.4.14, then T' = o, for some
a, B € Auty (P™).
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Proof. 1t follows from Proposition V.4.14, that all central base-points of 7" project to central
base-points of o,,—1. Furthermore, T' contracts Sy, onto O, which is therefore a central base-
points as well. Hence 7" has exactly n + 1 central base-points, and Lemma V.3.6 implies
that T = o, « for some «, § € Auty(P"). O

It will be quite interesting to explore examples of punctual stellar transformations and
to see when they are compositions of 0, and linear maps.
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