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Hand in until 28 April.

Exercice 1. Describe the set of points where f is complex-differentiable and compute f 1pzq for
these points.

(1) fpx` iyq “ x4y5 ` ixy3

(2) fpx` iyq “ y2 sinx` iy
(3) fpx` iyq “ sin2px` yq ` i cos2px` yq

(4) fpx` iyq “ ´6pcosx` i sinxq ` p2 ´ 2iqy3 ` 15py2 ` 2yq

(5) fpx` iyq “ 1
2 logpx2 ` y2q ` i arctan

`

y
x

˘

.

Exercice 2. Show that if ppzq “ a0 ` a1z ` ¨ ¨ ¨ ` anz
n, then p1pzq “ a1 ` 2a2z ` ¨ ¨ ¨ ` nanz

n´1.

Exercice 3. Let D Ă C be open and f : D ÝÑ C be real differentiable. Show that
detDf “ |fz|2 ´ |fz̄|2.

Exercice 4. Let D,D1 Ă C be open. A map f : D ÝÑ C is called biholomorphic if fpDq is open, f
is bijective and f´1 : fpDq ÝÑ C is holomorphic. We denote by Qrpcq Ă C the open square of
center c and side-length 2r. We define

H “ tz P C | ℑpzq ą 0u, D :“ tz P C | |z| ă 1u, C´ :“ Cztz P C | ℜpzq ď 0,ℑpzq “ 0u

and
hC : Czt´iu ÝÑ C, z ÞÑ

z ´ i

z ` i
, hC1 : Czt1u ÝÑ C, z ÞÑ i

1 ` z

1 ´ z
(1) Show that hc ˝ hC1 “ hC1 ˝ hC “ id.
(2) Show that 1 ´ |hCpzq|2 “

4ℑpzq

|z`i|2
for z ‰ ´i and ℑphC1pzqq “

1´|z|2

|1´z|2
for z ‰ 1.

(3) Conclude that hCpHq Ă D and hC1pDq Ă H.
(4) Conclude that hC : H ÝÑ D is biholomorphic.
(5) Show that the map φ : H ÝÑ C´, z ÞÑ ´z2 is holomorphic and bijective.

(6) Show that the map ψ : D ÝÑ C´, z ÞÑ

´

z`1
z´1

¯2
is holomorphic and bijective.

(7) Show that hC : H ÝÑ D maps B1p0q biholomorphically onto tw P D | ℑpwq ă 0u.

Exercice 5. Let f : C ÝÑ C, z ÞÑ az`b
cz`d with c ‰ 0 and ad´ bc ‰ 0. Let L Ă C be a circle or a real

line. Determine the images fpLq and of fpLzt´d{cuq.
Hint: write fpzq “ bc´ad

c2
pz ` d{cq´1 ` a

c .

Exercice 6. Suppose S Ă M is a level set of a smooth submersion Φ “ pϕ1, . . . , ϕkq :M Ñ Rk.
Show that an element v P TpM is tangent to S if and only if vpϕ1q “ ¨ ¨ ¨ “ vpϕkq “ 0.
Hint: will be given in the exercise lecture on 22 April.

Exercice 7. For each a P R, let Ma be the subset of R2 defined by

Ma “
␣

px, yq P R2
ˇ

ˇ y2 “ xpx´ 1qpx´ aq
(

.

(1) For which values of a is Ma an embedded submanifold of R2?
1



2

(2) For which values of a can Ma be given a topology and smooth structure making it into an
immersed submanifold?

. Hint: will be given in the exercise lecture on 22 April.


