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Exercice 1. (1) Show that any finite dimensional vector space is a topological manifold.
(2) Show that M,(R) und GL,(R) are topological manifolds for any n > 1.
(3) For n e {1,2}, let S™ = {a% + --- + 22, = 1} < R""!. Show that S" is an n-dimensional
topological manifold. Use the stereographic projection S™\{(0,...,0,1)} — R,
T — ﬁln,l(xb ..., Tp), whose inverse is

Yy (2:‘/17---723/7“’3/‘2_ 1)

ly|> +1

(4) Let n > 1. We define the real projective space R"P" := R"*1\{0}/ ~, where x ~ y if there
exists A € R* such that y = Az. Show that it is a topological manifold.

Exercice 2. Let U c R” be an open set with its standard smooth structure and let f: U — RF
be a map. Show that f is smooth in the sense of the course if and only if it is smooth in the sense

of Analysis [&I1.

Exercice 3. Let U < R" be an open set and f: U — R be a smooth function. Let ¢ € R and
consider the set f~1(c) (called level set of f). Suppose that Df, # 0 for any a € f~1(c). Show that
f~Y(c) has a smooth structure. (Hint: use the implicit function theorem from Analysis II.)



