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Exercice 1. (1) Show that any finite dimensional vector space is a topological manifold.
(2) Show that MnpRq und GLnpRq are topological manifolds for any n ě 1.
(3) For n P t1, 2u, let Sn “ tx21 ` ¨ ¨ ¨ ` x2n`1 “ 1u Ă Rn`1. Show that Sn is an n-dimensional

topological manifold. Use the stereographic projection Snztp0, . . . , 0, 1qu ÝÑ Rn,
x ÞÑ 1

1´xn´1
px1, . . . , xnq, whose inverse is

y ÞÑ
1

|y|2 ` 1
p2y1, . . . , 2yn, |y|2 ´ 1q

(4) Let n ě 1. We define the real projective space RnPn :“ Rn`1zt0u{ „, where x „ y if there
exists λ P R˚ such that y “ λx. Show that it is a topological manifold.

Exercice 2. Let U Ă Rn be an open set with its standard smooth structure and let f : U ÝÑ Rk

be a map. Show that f is smooth in the sense of the course if and only if it is smooth in the sense
of Analysis I&II.

Exercice 3. Let U Ă Rn be an open set and f : U ÝÑ R be a smooth function. Let c P R and
consider the set f´1pcq (called level set of f). Suppose that Dfa ‰ 0 for any a P f´1pcq. Show that
f´1pcq has a smooth structure. (Hint: use the implicit function theorem from Analysis II.)
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