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Exercise 0.1. Let pX, τq, pY, τY q, pZ, τZq be topological spaces. Show that
pX ˆ Y q ˆ Z » X ˆ pY ˆ Zq.

Exercise 0.2. We endow R with its usual Euclidean topology. Show that the product topology on
Rn is the Euclidean topology.

Exercise 0.3. Show that GLnpRq “ tdet ‰ 0u Ă MnpRq is open in the Euclidean Topology.

Exercise 0.4. Let X be a topological space and X “ tXαuαPA a locally finite family of subsets of
X. Show that tXαuαPA is locally finite and that YαXα “ YαXα.

Exercise 0.5. (Problem 1.1 in Lee) Define the line with two origins (I will not do it in the
course). Show that it is non-Hausdorff, and that is locally Euclidean and second-countable.

Examples of Manifolds:

Exercise 0.6. Show that the sphere Sn “ tx21 ` ¨ ¨ ¨ ` x2n`1 “ 1u Ă Rn`1 is an n-dimensional
smooth manifold (using the stereographic projection). Use the stereographic projection
Snztp0, . . . , 0, 1qu ÝÑ Rn, x ÞÑ 1

1´xn´1
px1, . . . , xnq, whose inverse is

y ÞÑ
1

|y|2 ` 1
p2y1, . . . , 2yn, |y|2 ´ 1q

Exercise 0.7. Show that any finite dimensional linear vector space is a smooth manifold. In
particular, MnpRq and GLnpRq are smooth manifolds.

Exercise 0.8. Define the real projective space RnPn :“ Rn`1zt0u{ „, where x „ y if there exists
λ P R˚ such that y “ λx. Show that it is a smooth manifold.
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